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ˆfl˛ÒúyÓ̊ ˆ«˛e ì˛ˆÏ_¥ Ñ˛íyÓ ̊ïyÓí̊y ~ÓÇ ö˛Ñ˛ ˆfl˛ôˆÏ¢Ó̊ ¢ÇK˛y !ò Ï̂Î ̊xy Ï̂úyâ˛òy Ñ˛ Ï̂Ó!̊äÈ– xyõÓ̊y ¢õì˛ú fl˛iyò 
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˛ôyÓ̊fl˛ô!ÓÑ̊˛ î)Óc̊ Á xyÎ̊òyî%!›˛ ˆÌ Ï̂Ñ˛ ˛ôÓõ̊yí%î%!›˛Ó ̊î)Ó˚̂ ÏcÓ̊ !ò¶Ą̊ Óü̊#úì˛y xïƒÎ̊ò Ñ˛ Ï̂Ó!̊äÈ– ~Ó̊ ˆÌ Ï̂Ñ˛ xyõÓ̊y 

ˆî!Ö ˆÎ v z̨̨ ô Ï̂Óẙ_´ ˛ôÓ̊y!õ!ì˛ ÓƒÓ£yÓ ̊Ñ˛ Ï̂Ó ̊ ˛ôÓ̊õyí%î%!›˛Ó ̊xò%Ó̊íò !õÌ!fl˛;̨ Î̊yÓ ̊ˆÑ˛ÔüúÜì˛ ˛ô!Ó̊â˛yúòy ¢½˛Ó– 

Óyhfl˛Ó ˛ôÓ̊#«˛yõ)úÑ˛ ˛ôÓ̊y!õ!ì˛ ÓƒÓ£yÓ̊ Ñ˛ˆÏÓ ̊xyõÓ̊y cÓ˚̂ ÏíÓ̊ ²Ã¶˛y Ï̂Ó ˛ôÓ̊õyí%î%!›˛Ó̊ xò%Óí̊ò ü!_´Ó̊ ˛ô!ÓÓ̊ìĄ̊ Ï̂òÓ ̊
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xyõÓ̊y ïˆÏÓ ̊!òˆÏÎ!̊äÈ ˆÑ˛yÎ˚yr›˛yõ ˆ«˛eñ ¢yïyÓí̊ x!òÿ˛Î̊ì˛y ò#!ì˛ ˆõˆÏò â˛ Ï̂ú– xyõÓ̊y ˛ô›˛¶)̨ !õÑ˛yÎ̊ ÌyÑ˛y ~Ñ˛Ñ˛ 

ˆõyv˛ ˆfl˛ÒúyÓ̊ ˆÑ˛yÎẙr›˛yõ ¶˛ƒyÑ%̨ ÎẙˆÏõÓ ̊ ¢ Ï̂D !õÌ!fl˛;̨ ÎẙÓ ̊ ö˛ Ï̂ú ˛ôÓ̊õyí%!›˛Ó ̊ fl º̨ì˛Éfl˛³%̨ _Å v˛ẑ Ï_ãòy Ï̂Ñ˛ xïƒÎ̊ò 

Ñ˛ˆÏÓ̊!äÈ– ~ˆÏ«˛ Ï̂e xyõÓ̊y î%!›˛ á›˛òy !Ó Ï̂Óâ˛òy Ñ˛ Ï̂Ó!̊äÈ–  

 1V c!Óì̊˛ ˛ôÓ̊õyí% Á !fl˛iÓ ̊xyÎ̊òy– 

 2V !fl˛iÓ̊ ˛ôÓ̊õyí% Á c!Ó̊ì˛ xyÎ̊òy– 

 xyõÓ̊y ˆî!Ö ˆÎ ¢yïyÓí̊ x!òÿ˛Î̊ì˛y ò#!ì˛Ó̊ ²Ã¶˛yˆÏÓñ v˛z̨ ô Ï̂Óẙ_´ á›˛òy î%!›˛Ó̊ õ Ï̂ïƒ xy£zòfi›˛y£ẑ ÏòÓ̊ 

v˛z£zÑ˛ £zÑ%̨ £z¶˛ƒyˆÏú™ ò#!ì˛ ú!Aáì˛ £Î̊– ¢yïyÓí̊ x!òÿ˛Î̊ì˛y ò#!ì˛Ó ̊ ²Ã¶˛yˆÏÓ v z̨¶˛Î̊ˆÏ«˛ˆÏe£z ˛ôÓ̊õyí%î%!›˛Ó̊ 

v˛ẑ Ï_ãòyÓ̊ ¢½˛yÓòy e´õ£…y¢õyò £Î̊ ~ÓÇ !mì˛#Î ̊ˆ«˛ Ï̂e xyòÓ̊&£‰ ì˛y˛ôõyeyÓ̊ ˛ô!Ó̊ÓìĄ̊ ò £Î̊– ~Ó̊˛ôÓ ̊xyõÓẙ 

~Ñ˛!›˛ ¢%̨ ôyÓ ̊Ñ˛u˛y!›˛Ç ¢y!ÑĄ̊ Ï̂›˛Ó̊ õ Ï̂ïƒ v˛y£zòy!õÑ˛yú Ñ˛ƒy!¢!õÓ ̊ !Ó!Ñ˛Ó̊ˆÏíÓ ̊myÓ̊y ˆÓúÈÙÈ£zò£zÑ%̨ Îẙ!ú!›˛Ó̊ úAáò 

ˆÑ˛ xïƒÎ̊ò Ñ˛!Ó˚– xyõÓ̊y ˆÓú £zò£zÑ%̨ Îẙ!ú!›˛ úAáˆÏòÓ̊ ˛ô!Óõ̊y Į̈̂ ôÓ̊ ãòƒ òò‰Üyv˛z!¢Îẙò !¢v ẑ̨ Ïv˛y !fl˛ôò 

˛ô!Ó̊õy˛ô ²Ã̂ ÏÎẙÜ Ñ˛ˆÏÓ̊!äÈ– v˛z̨ ô Ï̂Óẙ_´ xïƒÎ˚̂ Ïò õy£ẑ Ïe´yÁˆÏÎ¶̊˛ ˆ«˛ Ï̂eÓ̊ ˆõy Ï̂v˛Ó ̊v z̨̨ ôÓ ̊fl įyò#Î ̊òˆÏÎ˚̂ ÏãÓ ̊²Ã¶˛yÓñ 

ˆ«˛ Ï̂eÓ̊ ˆõyv˛=!úÓ̊ õ Ï̂ïƒ x¢õì˛y ~ÓÇ õy£ẑ Ïe´yÁ Ï̂Î¶̊˛ ¢ Ï̂B˛ Ï̂ì˛Ó ̊«˛Î ̊!ÓˆÏÓâ˛òy Ñ˛ Ï̂Ó!̊äÈ– xyõÓ̊y v˛z̨ ôˆÏÓẙ_´ 

ˆÓú £zò£zÑ%̨ ƒÎẙ!ú!›˛ úAáò ˛ôÎÅ̂ ÏÓ«˛í Ñ˛Ó̊yÓ ̊v˛z̨ ôÎ%_´ ¢y!ÑĄ̊ ›˛ ˛ôÓ̊y!õ!ì˛Ó ̊õyˆÏòÓ̊ ¢#õy !â˛!£´ì˛ Ñ˛ Ï̂Ó!̊äÈ– 
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Abstract

This thesis is devoted to study some quantum foundational and information the-

oretic aspects of quantum systems in the relativistic background. First we have

reviewed some basic notions of relativistic quantum physics. We have discussed

spinor representation of Poincaré group and how a spin-1/2 particle with Gaussian

momentum wave packet transforms under two successive noncollinear Lorentz

boosts. Then we discuss the definition of Fock space and notion of particle in

the context of scalar quantum field theory. We also discuss particle production

phenomena and related concepts in noninertial quantum field theory in the flat

space-time.

Using above formalisms we study several interesting phenomena :

We quantify coherence of spin-1/2 Gaussian momentum wave packet under

successive noncollinear Lorentz boosts, using various resource theoretic quanti-

fiers. Our work sheds light on the e�ciency and consistency of these quantifiers

in relativistic background. Next we have studied resonance interaction of two

identical neutral atoms accelerating between two parallel mirrors. We have cal-

culated energy level shift and relaxation rate of change of energy due to resonance

interaction and study their dependence on acceleration, interatomic separation,

separation between mirrors and distance of the atoms from the mirrors. Our

work shows that resonance interaction can be manipulated using above parame-

ters. We estimate the correction in the resonance energy shift due to acceleration

using realistic experimental parameters.

Next we have studied spontaneous excitation of an atom in an atom-mirror

system in relative acceleration in presence of single mode scalar quantum vac-

uum that obeys (generalized uncertainty principle) GUP. Our work shows that

GUP induces violation of equivalence between excitation probability of atom in

two cases: accelerating atom-static mirror and accelerating mirror-static atom.

GUP introduces damping in both of these cases and modification of Unruh tem-

perature in case of accelerating mirror-static atom. Next we have studied Bell’s

inequality violation of dynamical Casimir radiation simulated in superconducting

microwave circuit. Employing non-Gaussian pseudospin measurement, we have

analytically evaluated the amount of Bell violation and studied their variation

with various circuit parameters. We have considered the e↵ects of local noise in

the microwave field modes, asymmetry between the field modes, and signal loss.

We have identified the the appropriate parameter regions, in order to observe Bell

violation in this set-up.
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Chapter 1
Introduction and outline of the thesis

Relativity and quantum theory are two pillars of physics, which describe laws of

nature at two di↵erent length scales. However, in order to get a fundamental

theory that describes our universe as generically both quantum and relativistic,

these two theories need to be consistently unified to a more general formula-

tion. Despite of endless e↵orts for many decades, there have been no successful

theory of quantum gravity. This has led the scientific community to study the

e↵ect of relativity in smaller length scale leading to the fields of relativistic quan-

tum physics [1, 2] and quantum field theory in curved space-time (QFTCS) [3].

Quantum information theory on the other hand explores the ways of encoding

information in quantum systems, protecting them from noise and use them to

build up very advanced communication protocols and computers that cannot be

achieved by classical theory [4]. The quest for unification of relativity and quan-

tum theory has also been propagated in the field of quantum information, giving

rise to the field of “Relativistic Quantum Information” (RQI). In a nutshell the

aim of RQI is to formulate a quantum information theory which is consistent with

background relativistic space-time and exploit it, with the aid of current and fu-

ture technology, to perform quantum task and verify fundamental phenomena.

Consistency of a theory in the relativistic framework demands Lorentz co-

variance (at least locally). Quantum mechanics, where the state of a particle is

governed by Schrödinger equation, is Galilean covariant. The attempts to for-

mulate a Poincaré covariant quantum mechanics hit the dead end as it leads to

unphysical negative probability distribution corresponding to the state of a par-

ticle [1]. Subsequently quantum field theory (QFT) replaces relativistic quantum

mechanics as a successful Lorentz covariant quantum theory. Here quantum field

is considered as the fundamental physical entity and the particles are defined as

the excitations of field quanta [5]. In the year 1969 and onwards the novel work

1
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of Leonard Parker explained the cosmological particle production as the radia-

tion from quantized vacuum in expanding universe [6]. Parker’s work influenced

the scientific community to study particle production phenomena in noninertial

and curved space-time. Inspired by Parker’s work, Stephen Hawking published

his famous works on black hole evaporation in the 1970 s [7, 8]. Hawking’s work

shows that, the vacuum of quantum fields residing on the space-time of black

holes emits all species of particles known as Hawking radiation, due to the strong

gravitational field of black holes. The work of Moore, DeWitt, Fulling and Davies

showed that, vacuum state of quantized free field residing in free space or cav-

ity and subjected to rapid time dependent boundary condition or relativistically

moving mirrors also produces particles 1974-1976 [9–11]. The vacuum state of

quantum field in the Minkowski space-time appears to be excited with respect to

an accelerated (Rindler) observer. This phenomenon is known as Fulling-Davies-

Unruh e↵ect or precisely the Unruh e↵ect after the name of the discoverer W.

Unruh 1976 [12].

The discovery of Hawking radiation creates controversy as it violates the con-

servation of information. Quantum fields are generic, omnipresent entities at-

tached to the fabric of the universe. The theory of relativity says that notion of

reality in two di↵erent reference frames are same only when the frames are inertial

to each other. In the space-time of a black hole two observers su�ciently apart

from each other are nonintertial due to strong curvature gradient and have di↵er-

ent notions of vacuum. So, the vacuum state of quantum field near event horizon

will appear to be excited to an observer far away from the event horizon. Hawk-

ing’s calculations show that the distant observer sees this phenomena as thermal

radiation from black hole known as Hawking radiation [7, 8]. The temperature

of Hawking radiation depends only on the mass, charge and angular momentum

of the collapsed objects. As black hole evaporates through Hawking radiation its

event horizon shrinks with time and the space-time curvature reduces. When the

black hole evaporates entirely the space-time becomes flat. So, the information

contained inside the event horizon is completely lost. This is in contradiction

with quantum theory which states that time evolution of the state of an isolated

object is always unitary and information content of the state is preserved under

unitary evolution. This is known as black hole information paradox. This was

the first motivation for scientific community to study quantum information in the

vicinity of the black holes.

Starting from the dawn of 20th century, quantum theory has revolutionised the

field of technology for example the discovery of photo-electric e↵ect, laser, maser,

diodes, transistors and superconductors etc. Application of quantum theory in

2
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the field of informatics has given rise to the quantum information theory that has

enabled us to realise quantum communications and opened up the possibility to

build up fault tolerant quantum computers. The formulation of quantum infor-

mation theory is based on quantum mechanics where the state of a particle is

represented as an element of a Hilbert space and hence can be expressed as linear

superposition of the bases that spans the Hilbert space [13]. The elements of a

complete set of orthonormal bases are called the eigenstates and each of them

are associated to a specific eigenvalues of certain observables. So, the quantum

state is delocalised over the eigenbases and hence exhibits wavelike behaviour.

When an observer performs measurement, the state will collapse to one of the

eigenbasis with probability determined by square of the coe�cient corresponding

to that basis vector in the linear superposition. Such uncertain behaviours of

the quantum systems were counter intuitive from the perspective of the classical

physics. However, most revolutionary notion in quantum physics was the quan-

tum entanglement. A quantum system is entangled if the quantum states of its

local constituents cannot be factored in product form [14]. Entanglement can exist

among the modes of quantum field and as well as among the quantum states of

particles (eg. atomic energy levels) even when the particles are physically large

distance apart.

When measurement is performed on any of the local constituents of an entan-

gled system, the states of all the constituents collapse instantly regardless of the

space-time coordinate of the local constituents. This resulted in a paradox as, ac-

cording to special relativity, information cannot travel faster than light. In 1935

Einstein, Podolski and Rosen (EPR) published a paper that claimed quantum

mechanics is incomplete as a physical theory [15]. According to them, in case of a

complete theory, outcomes of measurements of observables on any system should

be predicted with absolute certainty which is known as the notion of realism. Also

measurement on a local constituent should not instantly a↵ect the state of other

constituents i.e., notion of locality should hold. Together, these two notions are

known as local-realism. EPR suggested that, lack of completeness of quantum

theory is the reason of violation of local-realism in case of entanglement [4, 15].

Several attempts were made by scientists to formulate quantum mechanics,

consistent with local-realism, in terms of hypothetical parameters known as “lo-

cal hidden variables” [16]. In a 1964 paper, J. S. Bell presented a quantitative

formulation of EPR problem [17, 18] known as Bell’s theorem. The violation of

Bell-inequality ruled out the possibility to explain entanglement by means of lo-

cal hidden variable and characterised it as a nonlocal correlation that violates

local-realism. Subsequently in 1969, J. F. Clauser, M. A. Horne, A. Shimony

3
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and R. A. Holt (CHSH) proposed an experiment to verify Bell’s theorem and

giving rise to the operational perspective of nonlocality [19]. Subsequently quan-

tum theory found its applications in the field of communications [20]. Quantum

cryptography (BB84 protocol) was proposed in 1984 [21]. In subsequent years for-

mulations such as quantum state reductions [22] and quantum estimations were

started to develop [23]. Around same time, Feynman and Manin propsed the

idea of quantum computer, that has capability beyond classical computer [24,25].

In 1970 s, development in atomic, molecular and optical technology enabled us

to controlled manipulation of trapped single particle and use them to engineer

advanced material architectures needed to realise quantum computers and quan-

tum communications [4]. Since 1990 s progress in quantum information theory

and quantum computing started to gain momentum. Significant discoveries were

made in the field of quantum algorithm and protocols for quantum information

in noisy environments, quantum error corrections etc. [4]. The year 2000 on-

wards, new quantum correlations such as quantum discord, quantum steering,

coherence were introduced in an operational framework in order to exploit them

as a resource for quantum tasks [26–28].

As non-relativistic quantum information theory kept developing, in 2000 s at-

tempts were made to extend it in the relativistic regime. One of the earliest

attempts was to define quantum information theory of single particle states in

Minkowski space-time [29–32]. Subsequently the formulation has also been ex-

tended in curved space-time [33,34]. However, solution of single particle relativis-

tic wave equation have negative energy solutions [1]. Also, in relativistic quantum

regime notion of particle is not same in all reference frames [3]. So, the single

particle picture is not always su�cient for formulation of RQI. The alternative

formulations were proposed that consider a bigger Hilbert space such as Fock

space [35, 36]. These formulations are consistent with particle production phe-

nomena in noninertial frames and curved space-time. Numerous studies have been

performed on quantum correlations in relativistic framework using both the single

and multi particle Hilbert spaces. It has been showed that notion of quantum cor-

relations such as entanglement, discord are observer dependent [29,31–39]. These

studies have paved the ways to explore quantum foundations and information

theory in gravitational and dynamical space-time background [37, 40–43]. Stud-

ies have also been done on various aspects of quantum communication in above

mentioned frameworks [44–48]. Quantum information is an operational theory

and hence, unlike quantum theory in curved space-time, RQI did not remain

confined within the mathematical formulations. As mentioned in the beginning,

that the goal of RQI is to explore relativistic quantum theory in the modern day
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experimental regime such as cold atoms, trapped particles, nanomaterials, super-

conducting circuits and satellites [49–55]. These developments enables us to verify

and probe fundamental phenomena and even use them to build up technology.

In this thesis our motivation is to study the dynamics of certain quantum

systems where the system is either in relativistic motion or subjected to relativis-

tically modulated boundary conditions. Our aim is to look into some previously

unexplored quantum physical phenomena, that are significant in context of quan-

tum foundation or quantum information theory or both, in the above mentioned

framework.

Our study explores the behaviour of quantum coherence, quantified by vari-

ous resource theoretic measures, under relativistic boosts. Such study helps us

to understand the consistency of various notions of coherence as a resource and

their quantifiers in a fundamentally relativistic space-time background. Then we

study resonance interaction between two atoms accelerating between two parallel

mirrors. We analyse the possibility of manipulating radiative processes under

combined e↵ect of motion and boundary conditions in structured environments.

Next we will study violation of weak equivalent principle introduced by Planck

scale e↵ect in practically realisable quantum electrodynamical systems. This

study is not only fundamentally significant but also opens the possibility to con-

straining Planck scale physics in the simulated platforms. Next we study Bell

nonlocality of particles produced out of vacuum by relativistically moving mirror

(dynamical Casimir e↵ect (DCE)) in a circuit quantum electrodynamical set-up.

Our work shows the future possibilities to utilise nonlocality of DCE radiation as

a resource. We have analysed and estimated our results using parameters from

current and future technology. The thesis is organized as follows :

In the Chapter 2 we have reviewed the preliminary mathematical formulations

of quantum systems in relativistic background, that is essential for our work. First

we will discuss the transformation of a spin-1/2, momentum wave packet under

successive noncollinear Lorentz boosts. Then we will review basic formulation

of scalar QFT and discuss the phenomena of particle production, such as Unruh

e↵ect, Dynamical Casimir e↵ect, by scalar quantum vacuum. We will also discuss

the excitation of two level atom due to above particle production phenomena.

In Chapter 3, we will study the quantification of coherence of a spin-1/2 parti-

cle under successive noncollinear Lorentz boosts, using various resource theoretic

quantifiers. This chapter is based on our publication in ref. [56].

In Chapter 4 we will study energy level shift and rate of change of energy due

to resonance interaction of two atoms accelerating between two parallel mirrors.

This chapter is based on our publication in ref. [57].
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In Chapter 5 we will study violation of equivalence in an atom-mirror system

in relative acceleration in presence of background quantum scalar vacuum that

satisfy generalized uncertainty principle. This chapter is based on our publication

in ref. [58].

In Chapter 6 we will study Bell’s inequality violation by DCE radiation in

superconducting microwave circuit. This chapter is based on our publication in

ref. [59].

In Chapter 7 we will make concluding remarks and discuss future possibilities

of work.
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Chapter 2
Quantum state and observer in the

relativistic background

In this chapter we will discuss how quantum state appears to an observer when

the quantum system or the observer or both are undergoing relativistic motion.

First we will consider the case when a particle with spin and an observer are in

relatively inertial frames connected by Lorentz transformations. Our focus will

be on the case when the rest frame of quantum system (state) is connected to

the observer by two noncollinear Lorentz boosts resulting Wigner rotation. The

spinor representation of Poincaré group is used to transform the quantum state in

above mentioned scenario. We also discuss the representation and the properties

of Wigner rotation and how it a↵ects the spin of a relativistically moving particle.

We then apply this formulation in case of a spinor with momentum wave packet

to calculate the transformed density matrices of the particle in the spin bases.

Next we consider the observer in background quantum scalar field. This leads

us to move from single particle to multi particle domain. In general quantum field

is a fundamental entity attached to the fabric of the space-time. Quantum field

has its own information content which is not always measurable or observable. In

order to have the notion of measurement or observation of physical phenomena,

the quantum theory requires the definition of particle. So, we discuss about the

condition when an observer moving along certain space-time trajectory has the

well defined notion of particles. This allow us to define multi-particle state (Fock

state) in a covariant framework. Using this formulation we discuss how Fock

state transforms under noninertial coordinate transformation induced by rela-

tive acceleration between the quantum state and the observer or by relativistic

boundary condition imposed on the field. Such phenomena also result in par-
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ticle production and generation of quantum correlation within the field modes.

Our discussion will remain confined within particle production phenomena in flat

space-time : the Unruh e↵ect and the dynamical Casimir e↵ect. We will also

discuss the definition of Unruh-DeWitt detector and its spontaneous excitation

as a result of above particle production phenomena. In this chapter we will use

the convention of natural units. The convention of units in the subsequent works

will be mentioned in the respective chapters.

The chapter is organized as follows : In Section 2.1 we will discuss the trans-

formation of a spin-1/2, momentum wave packet under successive noncollinear

Lorentz boosts. In Section 2.2 we will discuss scalar quantum field theory in

noninertial frame.

2.1 Quantum state under relativistic boosts

Let us consider the vector space of positive energy, massive, single particle states

in background Minkowski space-time with metric signature ⌘µ⌫ = (+,�,�,�).

This vector space furnishes the spinor representation space of inhomogeneous

Lorentz group or Poincaré group [2, 5, 36, 60]. Poincaré group consists of ten

generators associated to the complete set of symmetry transformations in special

relativity. Among the generators, four are the linear momentum or the genera-

tors of translations {pµ}, three are the angular momentum or the generators of

rotations {J i
}, and three are the generators of pure boosts {Ki

}. In relativistic

quantum mechanics, the spin of a particle is not Poincaré or Lorentz covariant

and is well defined only in the rest frame of the particle. The spin-momentum

of the particles are defined through the Casimir operators : momentum squared

P 2 = pµpµ and square of Pauli-Lubanski vector W 2 = W µWµ , where

Wµ =
1

2
✏µ⌫⌘J

⌫⌘p, (2.1)

✏µ⌫⌘ is 4-dimensional Levi-Civita, J⌫⌘ are the generators of the proper or-

thochronous Lorentz group with Jij = �Jji = ✏ijkJk, Ji0 = �J0i = Ki.

The bases of the spinor representation space are designated by {|p, ji}, where

p is the spatial component of {pµ} and j is the component of angular momentum

along some quantisation axis and is equal to the intrinsic spin in the rest frame of

the particle. The 4th component of the momentum p0 has not been used to label

the state, as it is trivial through the dispersion relation p0 =
p
p2 +m2, m is the

8
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rest mass of the particle. The normalization rule for the bases is defined as [5]

hp0, j0 | p, ji = �(p0
� p) �j0j . (2.2)

Let, the particle has momentum (m, 0, 0, 0) in its rest frame and momentum pµ

with respect to the lab frame O. Let, the observer O⇤ connected to O by Lorentz

transformation ⇤. The law of transformation of the state |p, ji under the action

of Lorentz transformation ⇤ is given by [5]

U(⇤) |p, ji =

s
(⇤p)0

p0

X

j0

Djj0(W (⇤,p)) |⇤p, j0i (2.3)

where U(⇤) is the unitary representation of ⇤, and j is considered to be discrete.

The term ⇤p represents the spatial component of the Lorentz transformed 4-

momentum i.e., (⇤p)i = ⇤i

⌫
p⌫ . For massive spinor, the matrix Djj0(W (⇤,p)) 2

SU(2) and has dimension (2j + 1)⇥ (2j + 1). The linear momentum dependent

rotation W (⇤,p) 2 SO(3) is the element of Wigner’s little group which is a

subgroup of SO(3) [5]. Eq. (2.3) is a group homomorphism which shows that

under the action of Lorentz transformation the single basis state (with respect

to O), transforms into a superposition of angular momentum states with linear

momentum dependent coe�cients (with respect to O
⇤).

2.1.1 Wigner’s little group

Let the basis state, at the rest frame of the particle is labelled as |0, si where s

is the spin of the particle in the rest frame. Let, L(p) is the pure Lorentz boost

that transforms the rest frame energy-momentum to the frame O. Thus,

|p, si = U(L(p)) |0, si (2.4)

where U(L(p)) is the unitary representation of L(p). Now, L.H.S of Eq. (2.3) in

this case, can be written as [61]

U(⇤) |p, si = U(⇤)U(L(p)) |0, si

= U(L(⇤p))U(L�1(⇤p))U(⇤)U(L(p)) |0, si

= U(L(⇤p))U(W (⇤,p)) |0, si

= U(W (⇤,p)) |⇤p, si

(2.5)
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where we have used the properties of group homomorphism and

W (⇤,p) = L�1(⇤p)⇤L(p). (2.6)

From Eq. (2.6) we see that W (⇤,p) transforms the rest frame energy-momentum

to an arbitrary momentum p (via pure boost L(p)), then from p to ⇤p (via

the transformation ⇤) and again brings back to the rest frame (via pure boost

L�1(⇤p)). So, the operator W (⇤,p) can at most produce a spatial rotation,

known as the Wigner rotation, between initial and final rest frame energy-

momentum [36, 61]. Hence in Eq. (2.5) the operator U(L(⇤p)) acts on the mo-

mentum basis whereas the operator U(W (⇤,p)) causes momentum dependent

rotation in the spin basis resulting expression like in Eq. (2.3).

For a massive particle, the standard boost in the direction p̂ = p/|p|, is

parametrized as [36]

L(p)00 = cosh � =
p0

m

L(p)0
i
= sinh � p̂i =

pi

m
p̂i

L(p)i0 = � sinh � p̂i

L(p)i
j
= �i

j
� (cosh � � 1) p̂ip̂j

(2.7)

where p̂i is the ith component of the unit momentum vector p̂. The parameter

� is the rapidity parameter. Now let us consider the case of the particle in its

rest frame. A standard boost L(p) is applied in an arbitrary direction say f̂ . The

4-momentum of the particle can be expressed as

pµ = (m cosh �,m sinh � f̂) (2.8)

Then the particle is subjected to another boost ⇤ with rapidity ↵ in the direction

ê. Then the particle is brought back to its rest frame via the Lorentz boost

L�1(⇤p). The SU(2) representation of Wigner rotation matrix in this case can

be expressed in terms of the rapidity parameters as [62,63]

D(W (⇤,p)) = cos
�

2
1+ i sin

�

2
(⌃ · n̂) (2.9)
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where

cos
�

2
=

cosh ↵

2 cosh
�

2 + sinh ↵

2 sinh
�

2 (ê · f̂)q
1
2 +

1
2 cosh↵ cosh � + 1

2 sinh↵ sinh �(ê · f̂)

sin
�

2
n̂ =

sinh ↵

2 sinh
�

2 (ê⇥ f̂)
q

1
2 +

1
2 cosh↵ cosh � + 1

2 sinh↵ sinh �(ê · f̂)

(2.10)

with vector ⌃ = (⌃1,⌃2,⌃3), {⌃i
} are the Pauli matrices, � and n̂ being re-

spectively, the angle and axis of Wigner rotation. Eq. (2.10) shows that Wigner

rotation depends upon the magnitude of the rapidity parameters and the angle

between the two boosts. The rotation is zero when ê and f̂ are parallel (or anti-

parallel) i.e., the boosts L(p) and ⇤ are collinear. Wigner rotation arises when

a particle is subjected to two or more non-collinear Lorentz boosts. This is due

to the fact that the subset of Lorentz boosts is not a subgroup of the Lorentz

group [61, 63]. In general the product of two arbitrary Lorentz boosts {⇤(↵i)}

can be expressed as the product of a pure boost and a spatial rotation R(⌦)

⇤(↵1) · ⇤(↵2) = R(⌦) · ⇤(↵3) (2.11)

2.1.2 Momentum wave packet of spinor under relativistic boosts

A pure single particle state with momentum-space wave function  (p) and spin

|si may be written as

| i =
X

s

Z
dp  (p) |pi ⌦ as |si (2.12)

with respect to the reference frame O. An observer in the frame O
⇤ will see the

state in Eq. (2.12) as

| ⇤
i =

X

s

Z
dp

s
(⇤p)0

p0
 (p) as

X

s0

Dss0(W (⇤,p)) |⇤p, s0i (2.13)

where we have used the definition in Eq. (2.3). The state | i in Eq. (2.12) is

separable in spin and momentum. However in the state | ⇤
i in Eq. (2.13), the spin

basis states have momentum dependent coe�cients resulting entanglement in spin

and momentum bases. This is known as the spin-momentum entanglement [30,

32].
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The density matrix corresponding to the state | i is given by

⇢ =
X

s1,s2

Z Z
dp1dp2  (p1) 

⇤(p2) as1a
⇤
s2
|p1, s1i hp2, s2| . (2.14)

Tracing out the momentum degrees of freedom we get the spin reduced density

matrix (SRDM) [30,62], given by

⇢s =
X

s1,s2

Z Z
dp  (p) ⇤(p) as1a

⇤
s2
|s1i hs2| . (2.15)

The density matrix corresponding to the state | ⇤
i is given by

⇢⇤ =
X

s1,s2

Z Z
dp1dp2

s
(⇤p1)0 (⇤p2)0

p01 p02
 (p1) 

⇤(p2)as1a
⇤
s2

X

s
0
1,s

0
2

Ds1s
0
1
(W (⇤,p1)) |⇤p1, s

0
1i h⇤p2, s

0
2|D

†
s2s

0
2
(W (⇤,p2)) .

(2.16)

The SRDM corresponding to ⇢⇤ is

⇢⇤
s
=
X

s1,s2,

s
0
1,s

0
2

Z
dp | (p)|2Ds1s

0
1
(W (⇤,p)) |s01i hs

0
2|D

†
s2s

0
2
(W (⇤,p))

(2.17)

where we have used the relation �(⇤p1 � ⇤p2) = (p1)0

(⇤p1)0
�(p1 � p2). Since ⇢⇤

is spin-momentum entangled, tracing out the momentum variable will introduce

mixedness in the state ⇢⇤
s
. Hence observer in O

⇤ will observe decoherence if the

measurement is performed in its spin bases [30]. The state ⇢⇤
s
is not Lorentz

covariant, as the transformation law of the spin variables depends not only upon

the Lorentz transformation ⇤, but also upon the momentum variables p.

2.2 Observer in background quantized vacuum

In this section we will move from single particle picture to multi particle Hilbert

space of quantum field modes [35, 36]. Let us consider quantized, real, massless

scalar field �(t, z) in (1 + 1) dimensional Minkowski space-time with metric sig-

nature ⌘µ⌫ = (+,�). The field obeys massless Klein-Gordon equation given by

@µ (⌘
µ⌫@⌫�) = (@2

t
� @2

z
) �(t, z) = 0 (2.18)
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which can be derived from the Lagrangian density of the field

L =
1

2
@µ� @µ�. (2.19)

For being the quatized field, �(t, z) and its conjugate momentum ⇧(t, z) =
@L
@(@t�)

= @t� are treated as operators which satisfy the commutation relations

h
�̂(t, z1), �̂(t, z2)

i
=
h
⇧̂(t, z1), ⇧̂(t, z2)

i
= 0

h
�̂(t, z1), ⇧̂(t, z2)

i
= i�(z1 � z2).

(2.20)

The notion of particles as excited field quanta requires the existence of time-

like Killing vector field. Let, the metric gµ⌫ of some space-time undergoes the

space-time transformation such that the functional form of the metric remains

invariant. In that case the space-time transformation is a symmetry transforma-

tion known as isometry [64]. Let us consider an infinitesimal space-time transfor-

mation z̃µ = zµ + �uZµ, �u is a small parameter. If isometry holds i.e.,

gµ⌫(z) ! g0
µ⌫
(z̃) = gµ⌫(z̃) (2.21)

where zµ ⌘ z, then the vector field Zµ is known as the Killing vector field. It

can be shown mathematically that Eq. (2.21) is satisfied i↵ [64]

L gµ⌫(z) = Z@ gµ⌫ + gµ @⌫Z
 + g⌫ @µZ

 = 0 , (2.22)

the operator L is the Lie derivative. So, Zµ is a Killing vector field i↵ L gµ⌫(z) = 0.

If gµ⌫ = ⌘µ⌫ and Zµ is time-like i.e., ZµZµ > 0, then the Lie derivative corresponds

to the operator @t.

If a space-time admits time-like Killing vector field, then we can find a basis

for solution uk of Klein-Gordon equation [35,36], such that

L uk = Zµ@µuk = @tuk = �i!kuk , (!k > 0), (2.23)

!k is a constant. So, we can rewrite above equation as

@tuk = �i!kuk ,

@tu
⇤
k
= i!ku

⇤
k
.

(2.24)

From equation above we see that one possible solution of Eq. (2.18) will be the
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plane wave solution

uk(z, t) =
1

p
2⇡!k

ei(kz�!kt)
(2.25)

where !k = |k|. So, we identify !k as the frequency associated to the kth mode

function uk. We can identify uk and u⇤
k
as positive and negative frequency so-

lutions respectively. The mode functions {uk(z, t)} form a complete set of or-

thonormal basis with respect to the Lorentz invariant inner product –

(g1, g2) = i

Z
dz (g⇤1(@tg2)� g⇤2(@tg1)). (2.26)

Hence the mode functions satisfy following relations

(uk, uk0) = �(k � k0)

(u⇤
k
, u⇤

k0) = ��(k � k0)

(uk, u
⇤
k0) = 0 .

(2.27)

The positive and negative frequency solutions are associated to particle and anti-

particle sector respectively. Time-like vectors remain time-like under Lorentz

transformation and hence the separation of modes into positive and negative

frequency part also remains unchanged. So, the notion of particle is well-defined

for an observer moving along time like killing vector field [35,36]. If a space-time

does not admit Killing field, the separation of modes into positive and negative

frequency will be di↵erent in di↵erent space-time point and the notion of particles

will be ambiguous.

Using the positive frequency solutions mentioned above, we can construct

Fock space of particles. Mode expansion of �(z, t) is given by

�̂(z, t) =

Z
dk
⇣
ukâk + u⇤

k
â†
k

⌘
, (2.28)

where â†
k
, âk are creation and annihilation operators associated with kth-mode and

satisfy commutation relations

h
âk, â

†
k0

i
= �(k � k0),

h
âk, âk0

i
=
h
â†
k
, â†

k0

i
= 0.

(2.29)

The Fock bases can be constructed by the action of creation and annihilation
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Chapter 2. Quantum state and observer in the relativistic background

operators on field vacuum state |0i defined by

âk |0i = 0. (2.30)

A multi particle state with occupation number ni in the kth-mode is given by

|n1
1, ..., n

k

i
i =

Y

i

(â†
k
)ni

p
ni!

|0i . (2.31)

The Hamiltonian of the system is

Ĥ =
X

k

!k

✓
N̂k +

1

2

◆
, (2.32)

where N̂k = â†
k
âk is the number operator.

Since the timelike killing vector field @t is not unique, there can be another @t0

and hence corresponding set of orthonormal modes {vk(z, t)} that can also span

solutions of the Klein-Gordon equation

�̂(z, t) =

Z
dk
⇣
vkb̂k + v⇤

k
b̂†
k

⌘
(2.33)

where b̂†
k
, b̂k are creation and annihilation operators associated with kth-mode.

We can construct a new Fock basis by the action this new set of creation and

annihilation operators on corresponding vacuum |0̃i defined as

b̂k |0̃i = 0. (2.34)

Transformation law between the two sets of creation and annihilation operators

is given by [3, 35,36]

âk =

Z
dk0
⇣
↵⇤
kk0 b̂k0 � �⇤

kk0 b̂
†
k0

⌘
. (2.35)

This transformation is linear and known as Bogolyubov transformation. ↵kk0 =

(uk, vk0) and �kk0 = �(uk, v⇤k0) are known as Bogolyubov coe�cients. The trans-

formation law between {uk(z, t)} and {vk(z, t)} can be obtained using Eq. (2.30),

Eq. (2.34). Now we apply number operator of the un-tilded basis on the vacuum

state in the tilded basis

h0̃ | N̂k | 0̃i = h0̃ | â†
k
âk | 0̃i =

Z
dk|�kk0 |

2, (2.36)
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So, as long as �kk0 6= 0, vacuum state in tilded basis will be populated with respect

to un-tilded basis and vice-versa.

2.2.1 Observer in uniform acceleration : Unruh e↵ect

In flat space-time the trajectory of the inertial observer and uniformly accelerated

(Rindler) observer admits time-like Killing vector field and have well defined

notion of particles [3, 35, 36]. The trajectory of uniformly accelerated observer is

a hyperbola and parametrized by Rindler coordinates (⌘,�) as

t =
ea�

a
sinh a⌘ z =

ea�

a
cosh a⌘ (2.37)

where ae�a� is observers proper acceleration and a is an arbitrary reference ac-

celeration. Associated metric

ds2 = e2a�
�
d⌘2 � d�2

�
(2.38)

is known as Rindler metric. A Rindler observer with � = 0 has proper time ⌘ and

proper acceleration a. This is the maximum attainable value of acceleration by an

observer whose motion is described by Eq. (2.37). Figure (2.1) shows trajectory

of an observer Alice who is at rest in Minkowski space-time and the Rindler

observer Rob. � = constant gives the hyperbolic trajectories and ⌘ = constant

are the straight lines passing through the origin. The trajectories in Eq. (2.37)

describes only the region within z > |t| known as right Rindler wedge (region R

in the Figure (2.1)). The region within z < |t| (region L in the Figure (2.1)) is

known as the left Rindler wedge, which can be obtained by reflecting right rindler

wedge in t axis (by transformation t ! �t) and then in z axis (by transformation

z ! �z) respectively [3]. The region R and L are causally disconnected by the

past and future horizon (z = ±t) of Minkowski lightcone. Proper time of a Rindler

observer Rob in the right Rindler wedge flows forward with the Minkowski time

and the proper time of a Rindler observer AntiRob in the left Rindler wedge flows

backward relative to the Minkowski time. As ⌘ ! ±1 the trajectory of Rindler

observer becomes asymptotic with the Minkowski horizon i.e., the velocity of

observer approaches the speed of light.

The massless Klein-Gordon equation in Rindler space-time is

(@2
⌘
� @2

�
) �(⌘,�) = 0 (2.39)

16



Chapter 2. Quantum state and observer in the relativistic background

�

t

Alice

Rob

AntiRob

R

η = const.

χ = const.

z = tz = -t

Past

Future

L

Figure 2.1: Observer trajectories in Rindler space-time: � = constant are hyper-
bolae and ⌘ = constant are straight lines passing through origin. The trajectory
of uniformly accelerated observer Rob is a hyperbola constrained to either the
right Rindler wedge (region - R) or the left Rindler wedge (region - L).

The solution of Eq. (2.39) is

vR
k
=

1
p
2⇡!k

ei(k��!k⌘)

vL
k
=

1
p
2⇡!k

ei(k�+!k⌘)
(2.40)

where !k = |k|, vR
k
and vL

k
are positive frequency orthonormal modes in right and

left Rindler wedges,which along with their complex conjugates furnish a complete

set of orthonormal basis. The mode expansion of scalar field �(�, ⌘) is given by

�(�, ⌘) =

Z
dk
⇣
vR
k
b̂R
k
+ vL

k
b̂L
k
+ hc.

⌘
. (2.41)
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The Rindler vacuum is defined as

|0Ri = |0i
R
⌦ |0i

L
(2.42)

where

b̂R
k
|0i

R
= b̂L

k
|0i

L
= 0 . (2.43)

Following Eq. (2.35) we can define Bogolyubov transformation between the states

of the Minkowski and the Rindler space-time respectively. The Bogolyubov coef-

ficients are given by

↵R

kk0 = (uM
k
, vR

k0) �R

kk0 = �(uM
k
, (vR

k0)
⇤)

↵L

kk0 = (uM
k
, vL

k0) �L

kk0 = �(uM
k
, (vL

k0)
⇤)

(2.44)

where {uM
k
} are the mode functions in the Minkowski space-time. However,

calculation of Bogolyubov coe�cients using above formulae are mathematically

tedious. Hence a new basis, known as Unruh basis is introduced [3, 35,36]

vU
k
= cosh r vR

k
+ sinh r (vL

k
)⇤ (2.45)

where tanh r = e�(⇡!k/a). The expression above shows that Unruh basis is a linear

combination of solutions in the region R and L. Hence Unruh modes are analytic

in both right and left Rindler wedges. It can be shown mathematically that

Unruh vacuum coincides with Minkowski vacuum |0Mi which can be expressed

as [35,36]

|0Mi =
1

cosh r

1X

n=0

(tanh r)n |nk
i
R

|nk
i
L

(2.46)

where |nk
i
R (L)

are the number state corresponding to kth-mode in the Rindler

space. Eq. (2.46) represents a two mode squeezed state with squeezing parameter

r = tanh�1 (e�(⇡!k/a)). So, the modes of region L and R are entangled with

respect to the Rindler observer. Since region L and R are causally disconnected

no Rindler observer can access the full state described by RHS of Eq. (2.46). The

density matrix corresponding to this state is ⇢M
vac

= |0Mi h0M|. Tracing out the

states in region L we get [35,36]

⇢R
U
=

1

cosh2 r

1X

n=0

(tanh r)2n |nk
i hnk

| . (2.47)
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The state ⇢R
U
is a thermal state with mean photon number

n̄ = sinh2 r =
�
e
2⇡!k/a

� 1
��1

=
�
e
!k/kBTU � 1

��1
(2.48)

with kB is the Boltzmann constant and TU = a

2⇡kB
is the Unruh temperature.

Hence the Minkowski vacuum will appear as a thermal state to an uniformly

accelerated observer. This phenomenon is known as the Unruh e↵ect.

2.2.2 Unruh-DeWitt detectors

In the previous two sections we have defined quantum field state that can contain

information by means of excited field quanta or correlations among the modes.

However we cannot perform projective measurement on the global field modes

which extend infinitely throughout the space-time. So, the observer needs some

physical probe to measure information content in the field modes. In general a

particle detector is used as such a probe. The particle detector is a nonrelativistic

system that can access the information content of the quantum field by locally

interacting with the field modes. The basic and most commonly used particle

detector is the Unruh-DeWitt detector [3, 36,49,65].

The Unruh-DeWitt detector is a point-like system with internal degree of free-

dom that covariantly couples with the second quantized field modes. The detector-

field coupling is local.

Physically an Unruh-DeWitt detector could be a two level system or a har-

monic oscillator [36]. In our studies we will focus on two level system such as an

atom with energy levels – ground state |gi and excited state |ei. The di↵erence

in energy between the two levels is

�E = Ee � Eg = !0 . (2.49)

The interaction Hamiltonian in the frame of the atom is given by [66]

ĤI(⌧) = � µ̂(⌧) �̂(t(⌧), z(⌧))

=
i

2
�

Z
dk
�
�̂�e�i!0⌧ � �̂+ei!0⌧

� �
â ei(kz(⌧)�!kt(⌧)) + â† e�i(kz(⌧)�!kt(⌧))

�

(2.50)

where µ̂(⌧) = i

2 (�̂
�e�i!0⌧ � �̂+ei!0⌧ ) is the monopole moment of the detector.

�̂+ = |ei hg| and �̂� = |gi he| are the atomic ladder operators corresponding to

its internal degree of freedom. ⌧ is the proper time of the detector moving along

space-time trajectory (t(⌧), z(⌧)). The constant � is the coupling strength of the
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detector with the field modes.

Let us assume that �̂ is in Minkowski vacuum state |0Mi. If the detector

is in a noninertial frame, |0Mi will appear excited to it. Now the detector, in

its ground state |gi, can absorb excited field quanta and go to the excited state

|ei when |0Mi will go to the excited output state |Ei. Hence an observer in

Minkowski space-time will observe the emission of Minkowski particle which is

known as acceleration radiation [67]. For small �, the transition amplitude of

the detector is given by [3]

A = i

Z
d⌧ hE, e|ĤI(⌧)|g, 0

M
i . (2.51)

The transition probability of the detector is

P =
X

E

|A|
2

= �2
Z

d⌧

Z
d⌧ 0e�i!0(⌧�⌧ 0) W (⌧, ⌧ 0)

(2.52)

where W (⌧, ⌧ 0) is the positive frequency Wightman function given by

W (⌧, ⌧ 0) = h0M|�̂(t(⌧), z(⌧))�̂(t(⌧ 0), z(⌧ 0))|0Mi . (2.53)

The Unruh-DeWitt detector model considered above assumes a basic picture

of light-matter interaction. However we have considered scalar field instead of

electromagnetic field in order to keep our calculation simple in the context of

QFTCS. In case of scalar field, the detector-field coupling strength � is a scalar

quantity. In case of electromagnetic field the � will be replaced by a vector

quantity (dipole moment in case of a two level atom) and such dipolar coupling is

responsible for exchange of angular momentum between detector and field [68–70].

Such physics will be missing in the scalar field model we have considered in this

thesis.

Also in case of the detector, several additional e↵ects could have been con-

sidered that would make the model more realistic. The detector-field interaction

Hamiltonian in Eq. (2.50) is oblivious to the transient e↵ect that arises while

turning the detector on or o↵. Such e↵ect is useful when the detector is inter-

acting for finite interval of time. However the studies performed in this thesis

assumes that the detector- field interaction is occurring for infinitely long inter-

val. We have assumed the Unruh-DeWitt detector to be point-like. In reality the

particle detector will have a finite size which will cause spatial smearing of the
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detector. Such e↵ect has to be considered in the interaction Hamiltonian if we

go beyond the idea of point-like detector. The centre of mass of the detector is

classical in the model considered above. In principle the centre of mass degree

of freedom of an Unruh-DeWitt detector should be quantized. In such cases the

detector-field dynamics will induce entanglement between centre of mass degree

of freedom and internal degree of freedom of the detector. Nevertheless the basic

model we have considered here successfully describes the fundamental aspects of

detector-field interaction in curved space-time.

2.2.3 Quantum vacuum subjected to moving boundary: Dynam-

ical Casimir e↵ect

The quantum field considered so far is unbounded. Let us now consider the quan-

tized scalar field �(t, z) in presence of an infinite, plane, moving mirror (perfectly

reflecting boundary) in the (1 + 1)-Minkowski space-time. The mirror imposes

time dependent Dirichlet boundary condition to the quantum field residing in the

same space-time :

�(t, zm(t)) = 0 (2.54)

where zm(t) is the trajectory of the mirror in Minkowski space-time. For ap-

propriate choice of mirror trajectory (for example an accelerated mirror), such

boundary conditions cause particle production from quantum vacuum.

In (1+1)-dimensions all space-time are conformally Minkowski [71] i.e. , their

metric gµ⌫ can be expressed as

gµ⌫(z) = &2(z) ⌘µ⌫ . (2.55)

For massless scalar field in (1 + 1)-dimensions, the Klein-Gordon equation is

conformally invariant and its solutions can be mapped to the solutions of Klein-

Gordon equation in the flat space-time. This fact can be exploited in case of

quantum field subjected to time dependent boundary condition in (1+1) dimen-

sions mentioned in the previous paragraph.

Let us consider the conformal transformation [9, 11]

t� z = f(t̄� z̄)

t+ z = g(t̄+ z̄) .
(2.56)

Above transformation preserves the light cone and the metric remains conformally
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flat

dt2 � dz2 = f 0(t̄� z̄) g0(t̄+ z̄) (dt̄2 � dz̄2). (2.57)

The massless Klein-Gordon equation is given by Eq. (2.18) with t and z replaced

by t̄ and z̄ respectively. Let us now demand that the mirror trajectory z = zm(t)

in the Minkowski frame corresponds to z̄ = 0 in the conformal frame. So, the

boundary condition on the quantum field in the conformal frame is given by

�(t̄, 0) = 0. (2.58)

This condition cannot hold for any f , g and results in the constraint [9, 11]

1

2
[g(t̄)� f(t̄)] = zm

⇣
1

2
[g(t̄) + f(t̄)]

⌘
. (2.59)

So, in the conformal frame the problem reduces to quantized scalar field in pres-

ence of static Dirichlet boundary condition. The normalised solution of the Klein-

Gordon equation is given by [9, 11]

uout

k
(z̄, t̄) =

1
p
4⇡!k

h
e�i!kg

�1(t+z)
� e�i!kf

�1(t�z)
i

(2.60)

which forms complete set of orthonormal basis {uout

k
} (outgoing mode functions).

The mode expansion of the field operator can be written as

�̂(t, z) =

Z
dk
�
uout

k
âout
k

+ (uout

k
)⇤ (âout

k
)†
�

=

Z
dk0 �uin

k0 â
in

k0 + (uin

k0 )
⇤ (âin

k0 )
†� ,

(2.61)

{uin

k
} is the set of incoming mode functions in the Minkowski frame and also

forms a complete basis. The incoming and outgoing modes are connected by

Bogolyubov transformation given by the definitions in Eq. (2.35). Using the

Bogolyubov coe�cients and Eq. (2.36), it can be shown that the vacuum state of

the outgoing field modes will appear excited in the basis of incoming modes. This

phenomenon is known as the dynamical Casimir e↵ect (DCE). The phenomenon

were discovered by G. T. Moore in 1970 and hence DCE is also known as Moore

e↵ect. Moore’s work shows the production of photons in an empty cavity by

an oscillating mirror. For nonrelativistic motion of mirror the rate of particle

production is very very small. Afterwards, DeWitt [10], Fulling and Davies [11]

have generalized moving mirror problem in the framework of quantum field theory

in the curved space-time.
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Similar to the case of Unruh e↵ect, DCE also generates entanglement within

the field modes resulting two mode squeezed state. We will discuss about the

explicit form of the state in a specific set-up later in Chapter 6 of this thesis.
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Chapter 3
Quantification of coherence of a single

particle spinor state under relativistic

boosts

Quantum physics is based on the fact that state of a quantum system can be

described as a superposition of basis states of certain Hilbert space. Such feature

has made the physics of quantum systems di↵erent from classical physics. Such

ability of a single quantum system to remain in superposed state gives rise to the

quantum correlation known as quantum coherence.

The notion of coherence comes from the study of interference phenomena in

classical electromagnetic fields. The interference phenomena is a consequence of

wave nature of a physical system. The interference pattern depends upon the cor-

relation between the phase of the interfering wave(s). This correlation is known

as coherence. With the development of quantum theory of electromagnetic fields,

the notion of coherence has also found its way in the quantum regime. The co-

herence of quantized light is characterized by correlations within electromagnetic

fields at two di↵erent space-time points. Such study has brought tremendous

development in the field of optical technology as well as in the foundation of

quantum physics. Quantum coherence in electromagnetic field gives rise to the

phenomena such as photoelectric e↵ect, laser, maser etc. [72].

The quantum theory of light assumes wave particle duality of photons. The ex-

tension of this notion in case of material particles such as electrons, neutral atoms

etc., gave birth to the matter wave that obeys the laws of quantum mechanics.

The wave picture of a quantum particle have similar notions as optics such as:

a single particle can undergo interference and di↵raction. There exists quantum
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correlation (coherence) among the superposed basis states that describes the state

of the particle. The quantum coherence is responsible for existence of other type

of quantum correlation such as entanglement, steering etc. The significance of

the quantum coherence is not limited within the theory of quantum foundations.

With the development of quantum information theory quantum coherence has

become an important resource for future quantum technology [73].

In order to exploit the quantum correlation as a resource to perform quantum

tasks, quantum information theory brings the correlations into an operational

framework. Such operational theories of quantum correlations are known as re-

source theory [73–80]. In general the aim of the resource theories is to study the

conditions under which quantum operations can be performed on the quantum

systems containing the correlation such that the loss of correlation is avoided [73].

The resource theory of quantum coherence analyses the cost of resource required

to achieve certain quantum task when we have no means available to generate

quantum coherence [73]. A rigorous mathemetical formulation of resource theory

of coherence is based on the characterization of quantum state, quantifying the

resource contained within the state and manipulating the state under the generic

constraints imposed by the physical system under consideration [73,81].

Several resource theories of quantum coherence have been proposed so far

where the term coherence has been used in various meanings. The resource the-

ory of quantum coherence is first proposed by Baumgratz et al. [81]. In this

work the authors have introduced l1-norm and relative entropic measures of co-

herence which are basis dependent. Here the coherence of a quantum physical

system is manifested by the cross correlation terms or the o↵-diagonal terms of

its density matrix. Subsequently, the works of Girolami [82] and Napoli et al. [83]

provided the resource theories of quantum coherence with quantifiers such as

Wigner-Yanase-Dyson skew informations and robustness of coherence, which are

operationally more accessible. Resource theory of coherence has also been studied

from the basis independent perspective. In this case the term quantum coherence

is used to describe the intrinsic randomness that exists within quantum systems

and is related to the purity of the quantum state. The work of Yao et al. [84]

has proposed the resource theory of basis independent coherence where Frobe-

nius norm based measure has been used as coherence quantifier. The resource

theory of coherence has wide range of applications such as detection of quantum

correlation, quantum thermodynamics, quantum metrology, quantum computing,

quantum material technology and quantum biology [73].

In the previous chapters we have discussed the necessity and significance of

studying quantum information theory in relativistic background. One of the basic
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physical situation is the observer and quantum system are connected by arbitrary

Lorentz transformation as described in Section 2.1. The e↵ect of such relativistic

inertial motion on quantum foundation and information was first studied by Peres

et al. [30]. Here the authors have studied the change in spin entropy of a particle

under two successive noncollinear Lorentz transformations which entangles the

spin and momentum degree of freedom of the particle. Hence the reduced spin

density matrix of the particle is not Lorentz covariant and the spin entropy of

the particle is not a Lorentz scalar [30]. As discussed in Section 2.1, successive

noncollinear boosts generates momentum dependent Wigner rotation which ro-

tates the spin basis elements. Hence spin basis acquires momentum dependent

coe�cient resulting spin-momentum entanglement [30]. So, the entropy in the

spin basis increases when the observer is oblivious to the relative motion of the

its frame and the frame of the particle [30]. Depending upon the magnitudes

and relative direction of boosts, the state can be completely decohered with re-

spect to the observer which forbids the communication with single qubit without

sharing reference frames [85]. The entanglement and the EPR experiment have

also been studied in this framework [29, 31] indicating the observer dependent

nature of entanglement [36]. Such studies have also been extended in the curved

space-time [33, 34]. Though the study of Peres et. al. [30] shows the increase in

spin entropy of a single particle state under successive noncollinear boosts, the

quantification of quantum coherence in this framework was missing.

In this chapter we will discuss about our work on quantification of quantum

coherence of a spin half particle in relativistic background [56]. We consider a

single pure spin-1/2 particle that has Gaussian momentum distribution with re-

spect to the laboratory frame. We investigate the change in coherence of the spin

state of the particle with respect to a relativistically moving inertial observer.

We use various coherence quantifiers to calculate the change in coherence in the

above mentioned scenario. Our calculations show the behaviour of quantumness

of a particle, defined from various perspective, under relativistic inertial transfor-

mations. The results indicate a generic degradation of quantum coherence in the

spin basis under arbitrary Lorentz transformations. Such degradation is worse

in case of basis dependent quantifiers. In case of purity based basis independent

quantifier, the rate of decoherence is slow for lower values of uncertainty. All

calculations in this chapter are done in natural units.

The organization of the chapter is as follows. In the Section 3.1 we define the

resource theoretic quantifiers which we will use in our calculations. In Section

3.2 we calculate the coherence of a single particle, spin-1/2, massive spinor state

with Gaussian momentum distribution with respect to a boosted observer using

26



Chapter 3. Quantification of coherence of a single particle spinor state under
relativistic boosts

various coherence quantifiers. In Section 3.3 we have considered realistic narrow

uncertainty wave packet of neutron and calculated coherence of this system. In the

Section 3.4 we have discussed the significance of our study and made concluding

remarks.

3.1 Some resource theoretic quantifiers of quantum

coherence

Coherence quantifiers are functional mappings C(⇢) from the space of quantum

states ⇢ (density matrix) to non negative real numbers. In order to qualify as

coherence quantifier, the functional C(⇢) must satisfy certain conditions [81].

Such conditions are based on the constraints imposed on incoherent quantum

operation applied on the quantum state. The conditions are as follows [81] :

(I) Coherence C(⇢) of any incoherent state will be zero.

(II) C(⇢) is monotonic under incoherent completely positive trace preserving

(ICPTP) operations.

(III) C(⇢) is convex (i.e. the functional C is non-increasing under mixing of

quantum states).

Wide variety of coherence quantifiers has been defined in this framework. In

this work we will consider both basis dependent and basis independent interpre-

tations coherence which have been explained in the previous section. Let us now

focus on the mathematical definitions of some coherence quantifiers that will be

used in our calculations.

3.1.1 Quantifiers for basis dependent notion of coherence:

In our calculations in this chapter we will use l1-norm, relative entropy and

Wigner-Yanase-Dyson skew information as basis dependent quantifier of coher-

ence. The first two measures are distance based measures proposed by Baumgratz

et. al. [81]. The third one is the asymmetry based measure of quantum coher-

ence [82,83].
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l1-norm: It is the sum of absolute value of o↵-diagonal terms of the density

matrix. The mathematical definition is given by [81]

Cl1 =
X

i,j

i 6=j

|⇢ij|
(3.1)

where ⇢ij is the ijth element of the density matrix ⇢.

Relative Entropy of Coherence: Here the quantifier is defined in terms of rela-

tive von-Neumann entropy. The mathematical definition is [81]

Crel.ent.(⇢) = S(⇢diag)� S(⇢) (3.2)

where S(⇢) is the von-Neumann entropy of state ⇢. The term ⇢diag is the matrix

containing the diagonal elements of ⇢.

Skew Information: Wigner-Yanase-Dyson skew information has been proposed

as a quantifier of coherence [82]. Basically the skew information measures the

quantum uncertainty of a state with respect to an observable (additive conserved

quantity) [82,86]. Let, the measurement of an observable X̂ is performed on the

state ⇢. The skew information of the state ⇢, associated to the observable X̂, is

given by [82]

I(⇢, X̂) = �
1

2
Tr{[

p
⇢, X̂]2} . (3.3)

Above expression contains square root of density matrix and hence I(⇢, X̂) cannot

be expressed in terms of observables. However the work of Girolami [82] proposes

a nontrivial lower bound of I, that can be measured experimentally. A generic

quantum state can be represented as

⇢ =
1

2
(1+ ~r ·⌃) (3.4)

where ⌃ ⌘ {⌃1,⌃2,⌃3
} are the Pauli matrices and ~r ⌘ {r1, r2, r3} is the Bloch

vector. If we perform measurement of ⌃3 on the state ⇢, the associated skew

information can be expressed as [87]

I(⇢,⌃3) =
⇣
1�

p
1� |~r|2

⌘ �
r21 + r22

�
. (3.5)
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3.1.2 Quantifiers for basis independent notion of coherence:

The coherence quantifiers discussed above are associated to basis dependent no-

tion of coherence where the amount of coherence in a quantum state depend upon

choice of basis. In this subsection we will discuss about the notion of coherence

that is independent of choice of basis in which coherence is observed.

Frobenius norm based measure: Such notion of coherence has been imple-

mented by Yao et. al. in resource theoretic framework [84]. In this work the

coherence implies the intrinsic randomness present in a quantum system. Here

the coherence measure is based on the Frobenius norm defined as

kMkF =
p

Tr (M †M) (3.6)

where M is some operator. The mathematical definition of the Frobenius norm

based coherence quantifier is given by [84]

CF (⇢) =

r
d

d� 1

��⇢� ⇢?
��
F

(3.7)

where the quantum state ⇢ is an element of a d-dimensional vector space. The

maximally mixed state ⇢? can be written as

⇢? =
Id
d

(3.8)

where Id is the identity element in the Hilbert space of the quantum state. Al-

ternatively the Eq. (3.7) can be written as [84]

CF (⇢) =

vuut d

d� 1

dX

j=1

✓
�j �

1

d

◆2

, (3.9)

{�j} are eigenvalues of the density matrix ⇢.

Some significant properties of CF are : [84]

(I) CF is a normalized quantity i.e. , CF (⇢) 2 [0, 1].

(II) Since CF measures basis independent notion of coherence it is invariant

under unitary transformation (U) –

CF (⇢) = CF (U⇢U
†) . (3.10)
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(III) CF is a measure of purity of the quantum state.

(IV) CF is proportional to the Brukner-Zeilinger information content of the

quantum state. Brukner-Zeilinger information is an operational measure

of information contained in a quantum system. It is defined as the the sum

of individual measures of information over a complete set of mutually com-

plementary observables [Ref: C̆. Brukner, A. Zeilinger, Phys. Rev. Lett.

83, 3354 (1999)]. Brukner-Zeilinger information is invariant under unitary

transformation of the quantum state or, equivalently, of the choice of the

measured set of mutually complementary observables.

3.2 Coherence of a spin-1/2, Gaussian momentum

wave packet under relativistic boosts

In this section we consider a single particle state with spin and momentum degree

of freedom. We assume that the spin and momentum are separable in the lab

frameO. Our aim is to quantify the coherence of the particle, using the quantifiers

defined in the previous section, with respect to an relativistic inertial observerO⇤.

Using the formulation of Section 2.1, we will calculate the state of the particle

with respect to O
⇤. Then we will calculate the coherence of this state using

various quantifiers.

Let the state of the particle in the frame O is

| i =
1
p
2

Z
dp  (p) |pi ⌦ (|0i+ |1i) . (3.11)

{|0i , |1i} are the eigenvector of the 3rd Pauli matrix ⌃3.  (p) is the normal-

ized momentum wave function. For simplicity, let us first consider 1-dimensional

momentum of the particle

pµ ⌘ (p0, pxx̂) = (m cosh �,m sinh �x̂) (3.12)

where � is the rapidity of the pure Lorentz boost that connects the lab frame O

to the rest frame of the particle. Let the observer O⇤ is moving with velocity

v = tanh↵ ẑ , (3.13)

↵ is the rapidity of the pure Lorentz boost that connects O to O
⇤.
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The density matrix of the particle in the frame O is

⇢ =
1

2

Z Z
dp1dp2  (p1) 

⇤(p2) |p1i hp2|⌦ (1+ ⌃1) . (3.14)

Corresponding SRDM is given by

⇢s =
1

2
(1+ ⌃1) . (3.15)

In the set-up described above, the observerO⇤ is connected to the rest frame of

the particle by two noncollinear Lorentz boosts along x̂ and ẑ directions, described

by the rapidity parameters � and ↵ respectively. So, applying the formulations

in Section 2.1 we write the state of the particle with respect to observer O⇤ as

| ⇤
i =

1
p
2

Z
dp

s
(⇤p)0

p0
 (p) D(W (⇤,p)) (|⇤p, 0i+ |⇤p, 1i) (3.16)

where the unitary representation of Wigner’s little group in this case is

D(W (⇤,p)) = cos
�px

2
1+ i sin

�px

2
⌃2 (3.17)

with

cos
�px

2
=

cosh
↵

2
cosh

�

2r
1

2
+

1

2
cosh↵ cosh �

sin
�px

2
=

sinh
↵

2
sinh

�

2r
1

2
+

1

2
cosh↵ cosh �

.

(3.18)

The axis of Wigner rotation is along ẑ ⇥ x̂ = ŷ.

Plugging the Eq. (3.17), Eq. (3.18) in the Eq. (3.16) and simplifying we get

| ⇤
i =

1
p
2

Z
dp

s
(⇤p)0

p0
 (p)

h
(cos

�px

2
+ sin

�px

2
) |⇤p, 0i+ (cos

�px

2
� sin

�px

2
) |⇤p, 1i

i
.

(3.19)
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The corresponding density matrix is given by

⇢⇤ =
1

2

Z Z
dp1dp2

s
(⇤p1)0 (⇤p2)0

p01 p02
 (p1)  

⇤(p2)
h
Apx1Apx2 |⇤p1, 0i h⇤p2, 0|+

Apx1Bpx2 |⇤p1, 0i h⇤p2, 1|+ Apx2Bpx1 |⇤p1, 1i h⇤p2, 0|+Bpx1Bpx2 |⇤p1, 1i h⇤p2, 1|
i
,

(3.20)

where the coe�cients Apxi , Bpxi are given by

Apxi =

✓
cos

�pxi

2
+ sin

�pxi

2

◆

Bpxi =

✓
cos

�pxi

2
� sin

�pxi

2

◆
.

(3.21)

Using Eq. (2.17) we write the SRDM of the particle with respect to the observer

O
⇤ as

⇢⇤
s
=

1

2

Z
dp | (p)|2

h
A2

px
|0i h0|+ ApxBpx

�
|0i h1|+ |1i h0|

�
+B2

px
|1i h1|

i
.

(3.22)

As we intent to study Gaussian momentum wave packet in this context,

let us now define the momentum wave function. Initially we will study the 1-

dimensional scenario and we choose the wave function as

 (p) = f(px)�(py)�(pz) (3.23)

where f(px) is a Gaussian function. In our calculation we will consider two type

of Gaussian wave function:

Case (i) The Gaussian wave packet centred at zero i.e. ,

f(px) =
1

(
p
⇡�)1/2

e�
1
2 (px/�)

2

. (3.24)

Case (ii) The Gaussian wave packet centred at p, (p is some constant value of rela-

tivistic momentum) i.e. ,

f(px) =
1

(
p
⇡�)1/2

e�
1
2 ((px�p)/�)2 . (3.25)
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Substituting Eq. (3.23) in Eq. (3.22) we get

⇢⇤
s
=

1

2

Z
dpx |f(px)|

2
h
A2

px
|0i h0|+ ApxBpx

�
|0i h1|+ |1i h0|

�
+B2

px
|1i h1|

i

(3.26)

From now on we will use the notation p instead of px for convenience (in case of

1-dimensional wave function).

We write the rapidity parameters as

cosh � =

r
1 +

p2

m2

sinh � =
p

m
cosh↵ = b

sinh↵ = a .

(3.27)

Substituting above relations of rapidity parameters in Eq. (3.26) we evaluate the

coe�cients

A2
p
= 1 +

a p

m

1 + b
q

1 + p2

m2

,

B2
p
= 1�

a p

m

1 + b
q

1 + p2

m2

,

ApBp =
b+

q
1 + p2

m2

1 + b
q

1 + p2

m2

.

(3.28)
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The components of the SRDM ⇢⇤
s
in Eq. (3.26) are

�
⇢⇤
s

�
11

=
1

2

Z
dp |f(p)|2

0

@1 +
a p

m

1 + b
q
1 + p2

m2

1

A ,

�
⇢⇤
s

�
22

=
1

2

Z
dp |f(p)|2

0

@1�
a p

m

1 + b
q
1 + p2

m2

1

A ,

�
⇢⇤
s

�
12

=
�
⇢⇤
s

�
21

=
1

2

Z
dp |f(p)|2

0

@
b+

q
1 + p2

m2

1 + b
q

1 + p2

m2

1

A .

(3.29)

We use Eq. (3.29) to calculate the coherence of the system under consideration

using various quantifiers defined in the Section 3.1.

Our aim here is to study the variation of quantum coherence, quantified using

di↵erent quantifiers, with the variation in the velocity of observer O
⇤ and the

uncertainty � of the wave packet. In order to calculate coherence we need to

evaluate the components of density matrix in Eq. (3.29). The diagonal elements�
⇢⇤
s

�
11

and
�
⇢⇤
s

�
22

can be evaluated as

�
⇢⇤
s

�
11

=
�
⇢⇤
s

�
22

=
1

2
. (3.30)

The o↵-diagonal components can only be evaluated analytically for very small

value of uncertainty in nonrelativistic limit [56]. However our goal is to study the

variation of coherence with larger uncertainty in the relativistic regime. Hence

we numerically evaluate the components
�
⇢⇤
s

�
12

=
�
⇢⇤
s

�
21
. In our calculation we

assume the following value of parameters : m ⇡ 0.5 MeV (mass of an electron)

and p = 1/2
p
3 MeV (the momentum of an electron moving with half of the

velocity of light).

The plot in the Figure (3.1) shows the variation of
�
⇢⇤
s

�
12

with respect to the

rapidity parameter ↵ of the observer O
⇤ and the uncertainty �, for the Gaus-

sian momentum wave packet centred at zero. The Figure (3.2) shows the same

for wave packet centred at p. These two plots are very significant, as the basis

dependent measures are manifested by o↵-diagonal terms of the density matrix.

So, the decrease in the value of o↵-diagonal elements of density matrix will im-

ply decoherence. Such loss of coherence is resulted due to the spin-momentum
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Figure 3.1: Variation of
�
⇢⇤
s

�
12

with respect to the rapidity ↵ and uncertainty �
(MeV) for wave packet centred at zero. m = 0.5 MeV.

Figure 3.2: Variation of
�
⇢⇤
s

�
12

with respect to the rapidity ↵ and uncertainty �

(MeV) for wave packet centred at p. m = 0.5 MeV, p = 1/2
p
3 MeV.

entanglement through Wigner rotation [30]. From the Eq. (3.1), we see that the

l1-norm based measure of coherence is basically the sum of o↵-diagonal terms of
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the density matrix i.e. , in the present case

Cl1 =
�
⇢⇤
s

�
12
+
�
⇢⇤
s

�
21

= 2
�
⇢⇤
s

�
12

. (3.31)

Hence the coherence Cl1 can be studied by multiplying the readings of the plots

in Figure (3.1) and Figure (3.2). From the plots we see that the maximum value

of
�
⇢⇤
s

�
12

is 0.5 that corresponds to maximum value of Cl1 = 1. The coherence

decreases with increase in the magnitude of rapidity ↵. It is important to note

here that the +ve and and �ve values of ↵ implies the velocity of O⇤ in two

opposite directions. The plots are symmetric with respect to the sign of ↵.

In case of wave packet centred at zero, the plot in Figure (3.1) shows that

the coherence remains constant with the variation of ↵ when the uncertainty

� ! 0. This is due to the fact that � = 0 limit implies the momentum of the

particle is localised at zero. In that case, the rest frame of the particle and the

frame of the observer O
⇤ are connected by a pure boost. We have seen in the

Section 2.1, Wigner rotation is generated by two or more noncollinear boosts.

A single pure boost cannot generate Wigner rotation. So, when momentum of

the particle tents to zero, only the motion of the observer O
⇤ does not induce

momentum dependent coe�cients in the spin basis of the particle. Hence the

spin and momentum state of the particle remains separable with respect to O
⇤.

As O⇤ performs measurement in the spin basis of the particle, no decoherence is

observed. For larger values of uncertainty spin-momentum entanglement occurs

and the spin basis acquires momentum dependent coe�cients. As the observer

performs measurement only on the spin basis, being oblivious to the information

associated to the momentum degree of freedom, decoherence is observed. The

decoherence increases with increase in the uncertainty �. It is important to note

here that the small value of uncertainty in case of wave packet centred at zero

gives the nonrelativistic limit.

In case of wave packet centred at p, the plot in Figure (3.2) shows decoherence

with increase in the magnitute in ↵ even when � ! 0. The � = 0 limit implies the

momentum of the particle is localised around a single sharp value p. So the quan-

tum state will undergo a single pure rotation represented by (cos �p2 1+i sin �p

2 ⌃2).

No spin-momentum entanglement will occur and the SRDM ⇢s and ⇢⇤
s
are con-

nected by a unitary transformation. The basis dependent elements of density

matrix will change under unitary transformation. The basis dependent notion of

coherence is not invariant under unitary transformation. So the decoherence is

observed in case of � = 0. For nonzero values of uncertainty, the decoherence is

observed due to spin-momentum entanglement. The decoherence increases with
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increase in uncertainty.

Figure 3.3: Variation of Crel.ent with respect to the rapidity ↵ and uncertainty �
(MeV) for wave packet centred at zero. m = 0.5 MeV.

Now we present the plots of relative entropy of coherence and skew information

defined in Eq. (3.2) and Eq. (3.5). In the Figure (3.3)and Figure (3.4), the

plots show the variation of relative entropy of coherence with respect to the

rapidity parameter ↵ of the observer O⇤ and the uncertainty �, for the Gaussian

momentum wave packet centred at zero and p respectively. In a similar way the

the plots in Figure (3.5) and Figure (3.6), show the variation of skew information

with respect to the rapidity parameter ↵ of the observer O⇤ and the uncertainty

�, for the Gaussian momentum wave packet centred at zero and p respectively.

The maximum value of coherence in case of Crel.ent and I are given by ln 2 and

1 respectively. In case of wave packet centred at zero, both Crel.ent and I attain

maximum value when either of the ↵ or � goes to zero. In case of the wave

packet centred at p, both Crel.ent and I attain maximum value only at ↵ = 0.

At � = 0, their values decrease with increase in ↵ as a consequence of basis

dependent notion of coherence. The plots are symmetric with respect to the sign

of ↵. The plots in Figure (3.5) and Figure (3.6), show the sharp degradation of

skew information with increasing ↵ and �. For larger values of uncertainty the

skew information is almost fully lost.

So far we have studied the basis dependent notion of quantum coherence in
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Figure 3.4: Variation of Crel.ent with respect to the rapidity ↵ and uncertainty �
(MeV) for wave packet centred at p. m = 0.5 MeV, p = 1/2

p
3 MeV.

Figure 3.5: Variation of ”Skew Information” I with respect to the rapidity ↵ and
uncertainty � (MeV) for wave packet centred at zero. m = 0.5 MeV.
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Figure 3.6: Variation of ”Skew Information” I with respect to the rapidity ↵ and
uncertainty � (MeV) for wave packet centred at p. m = 0.5 MeV, p = 1/2

p
3

MeV.

inertial relativistic background. Our study indicates that, in general the basis

independent measures do not perform well under arbitrary Lorentz transforma-

tions. Here we identify two sources of decoherence. First, the observer measures

in the spin basis however in relativity spin is not an independent degree of freedom

but couples with spatial momentum degree of freedom under Lorentz transfor-

mations. So, the observer’s lack of knowledge about the motion of the particle

causes the decoherence. Second, composition of noncollinear Lorentz boost gen-

erates spatial rotation (Wigner rotation). As basis dependent measures are not

unitary invariant, such spatial rotation will a↵ect the measurement and degrade

the quantum coherence. In order to avoid loss of information the observer needs

to have knowledge of the Lorentz transformation that connects its frame to that

of the particle. Also the plots show that the decoherence is smaller for smaller

value of uncertainty. So, minimizing uncertainty is another good option.

Next we will focus on the basis independent notion of quantum coherence. To

be more consistent with the relativistic background we can demand that coher-

ence should manifest an intrinsic physical property of a quantum system that is

independent of choice of basis. This motivates us to quantify coherence in the

same set-up with basis independent quantifiers. So, we use Frobenius norm based
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quantifier defined by Eq. (3.7), Eq. (3.9) for our study.

Figure 3.7: Variation of ”Frobenius norm based measure of coherence” CF with
respect to the rapidity ↵ and uncertainty � (MeV) for wave packet centred at
zero. m = 0.5 MeV.

Figure (3.7) and Figure (3.8) show the variation of Frobenius norm based

coherence CF with respect to the rapidity parameter ↵ of the observer O
⇤ and

the uncertainty �, for the Gaussian momentum wave packet centred at zero and

p respectively. The maximum value attained by CF is 1. At ↵ = 0, for both the

wave packets, CF is maximum for any value of �. But the most significant result

is at � = 0, for both wave packets, CF is maximum for any value of ↵. This is

due to the unitary invariance of CF (independence to the choice of basis) defined

by Eq. (3.10). For nonzero values of both ↵ and � coherence degrades with the

increase in values of these two variables. The plots are symmetric with respect

to the sign of ↵.

Our study indicates that unitary invariant or basis independent notion of

coherence is preserved if the uncertainty of an wave packet is small. This is

because of the fact that, pure rotation does not a↵ect CF and only source of

decoherence here is the observer O
⇤’s lack of knowledge about the momentum

of the particle. Hence we trace out the density matrix over all possible values of

the momentum variable, introducing mixedness in the SRDM. When uncertainty

is small, the range of possible value of the momentum of the particle becomes
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Figure 3.8: Variation of ”Frobenius norm based measure of coherence” CF with
respect to the rapidity ↵ and uncertainty � (MeV) for wave packet centred at p.
m = 0.5 MeV, p = 1/2

p
3 MeV.

narrow which minimizes the loss of information when the momentum is traced

out.

Thus the basis independent notion of coherence is relatively more consistent

in the relativistic background. If the frame of two observers are connected by

arbitrary Lorentz transformations and the observers do not have the knowledge

about the transformation between the two frame. Still the observer in one frame

can access such notion of information of a quantum state minimizing the deco-

herence due to the lack of knowledge. Though the decoherence will increase with

increase in uncertainty of the quantum state.

3.3 Examples

In this section we will study the basis independent notion of coherence of 3-

dimensional narrow uncertainty wave packet using relalistic parameters. We con-

sider a narrow uncertainty Gaussian wave packet centred at zero in the lab frame

O. There are many ways in which such system can be produced, for example

hydrogen atom cooled in the temperature range of milli-Kelvin [85], ultracold
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neutrons (UCN) [88] or thermal neutrons [89]. In our calculation we will use

parameters of UCN whose kinetic energy is less than 300 neV [88]. UCN is very

sensitive to gravitational, magnetic or material potential, due to their low energy.

Hence they are often used as a probe in the experiments related to quantum the-

ory and gravity [90,91]. A significant feature of gravitational background is that

it causes decoherence of quantum system. This motivates us to study coherence

of low energy neutrons in a more basic relativistic framework i.e., under Lorentz

transformations.

Let us now define a 3-dimensional wave packet centred at zero in the frame

O,

| i =
1

(
p
⇡�)

3/2

Z
dp e�

p2

2�2 |pi ⌦ |0i (3.32)

where p = (px, py, pz) is the spatial 3-momentum of the particle that satisfies the

dispersion relation p0 =
p

p2 +m2. We assume that the observer O⇤ is moving

along ẑ direction with rapidity ↵, velocity described by equation

v = tanh↵ ẑ . (3.33)

The unitary representation of Wigners little group in this case can be found using

Eq. (2.9), Eq. (2.10) as

D(W (⇤,p)) =
(p0 +m) cosh ↵

2 + pz sinh
↵

2 � i sinh ↵

2 (�px�y + py�x)

[(p0 +m) (p0 cosh↵ + pz sinh↵ +m)]1/2
. (3.34)

Following same procedure as previous section we find the SRDM of the state in

Eq. (3.32) with respect to the observer O⇤ as

⇢⇤
s
=

1

(
p
⇡�)

3

Z
dp e�

p2

�2

✓
M

AB
0

0 N

AB

◆
(3.35)

where
A = (p0 +m)

B = (p0 cosh↵ + pz sinh↵ +m)

M = A2 cosh2 ↵

2
+ p2

z
sinh2 ↵

2
+ A pz sinh↵

N = (p2
x
+ p2

y
) sinh2 ↵

2
.

(3.36)

Using Eq. (3.35), Eq. (3.36) we calculate Frobenius norm based coherence CF for

narrow uncertainty neutron wave packet.
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Figure 3.9: Variation of ”Frobenius norm based measure of coherence” CF with
respect to the rapidity ↵ and uncertainty � (MeV) for narrow uncertainty UCN
wave packet.

Figure (3.9) shows the variation of Frobenius norm based coherence CF with

respect to the rapidity parameter ↵ of the observer O⇤ and the uncertainty � for

narrow uncertainty UCN wave packet. The rest mass of the neutron is 939.36

MeV. The range of values of uncertainty � is considered as 0�1000 MeV i.e. , the

maximum value is in the order of the rest mass of the neutron. The plots show

that the decoherence is very small in this range of uncertainty even for significant

value of ↵.

In the limit (�/m) ⌧ 1 the SRDM in Eq. (3.35), Eq. (3.36) can be expressed

analytically as [30]

⇢⇤
s
=

1

2

✓
1 + nz 0

0 1� nz

◆
(3.37)

where

nz = 1�
⇣ �

2m
tanh

↵

2

⌘2
. (3.38)

Frobenius norm based coherence of above state is given by

CF (⇢
⇤
s
) = 1�

⇣ �

2m
tanh

↵

2

⌘2
. (3.39)
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For UCN the kinetic energy is < 300 neV [88]. Assuming � = 300 neV and using

Eq. (3.39), the loss of coherence for UCN is obtained as ⇠ 10�30. Similarly for

thermal neutron the upper bound of kinetic energy is 0.025 eV [89]. Assuming

� = 0.025 eV and using Eq. (3.39), the loss of coherence for thermal neutron

is obtained as ⇠ 10�20. In these calculations loss of coherence is obtained by

quantifying the deviation of CF from unity.

3.4 Conclusions

In this chapter we have studied the coherence of spin-1/2, Gaussian momentum

wave packets in relativistic backgrounds. We have considered the wavepacket un-

der two successive noncollinear Lorentz boost and quantified the coherence under

such transformations using various coherence quantifiers from resource theoretic

formulations. We have considered two notions of coherence that have been de-

fined in resource theory of coherence in quantum information theory. First we

have studied the basis dependent notion of coherence and used the quantifiers

l1-norm, relative entropy of coherence [81] and skew information [82] to quantify

the coherence. Then we have considered basis independent notion of coherence

and used Frobenius norm based measure as the coherence quantifier [84].

Our study show that if an observer measures quantum coherence in the spin

basis of a particle, from a frame that is connected to the rest frame of the par-

ticle by two successive Lorentz transformations, then he/she will observe loss of

coherence. We have plotted the coherence calculated using various quantifiers

against the rapidity parameter of observers velocity (observed from lab frame)

and the uncertainty in particles momentum (observed from lab frame). The rea-

son for loss of coherence is the spin-momentum entanglement [30]. The notion

of spin originates from relativistic quantum theory which shows that the spin

and linear momentum are not independent degree of freedoms. Composition of

two noncollinear boosts results in a pure boost and a spatial rotation known as

Wigner rotation which is a function of linear momentum. Spin basis undergoes

unitary transformation due to Wigner rotation and acquire momentum dependent

coe�cients resulting spin-momentum entanglement.

We see that the decoherence can arise in two ways. As observer measures

coherence in the spin basis without the knowledge of momentum of the particle,

loss of information occurs. In the calculation the lack of knowledge of momen-

tum is introduced by tracing out the state over momentum variable resulting

mixedness in the spin basis. Loss of coherence in this way is present both in case

of basis dependent and independent measures of coherence. The loss increases
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with increse in the uncertainty in the momentum wave packet and the rapidity

of the observer’s velocity. If the momentum of the particle has a sharp nonzero

value, i.e. the uncertainty of the wave packet is zero, the spin state of the particle

transforms under a single pure rotation. Coherence quantified by basis dependent

measures, su↵ers loss under spatial rotation. Coherence quantified by the basis

independent measure remains constant under spatial rotation because of unitary

invariance. So, the basis independent coherence can be preserved by minimizing

the uncertainty even at large value of rapidity. We have also verified our findings

using parameters of realistic wave packets of ultracold and thermal neutrons.

Our work checks the consistency of various resource theoretic quantifiers in

a basic relativistic scenario. From the calculations and plots, we see that the

basis independent notion of coherence is more consistent compared to the basis

dependent coherence. The relativity theory suggests that there are no universal

reference frame. The resource theories we have considered in this work are de-

fined in the framework of quantum mechanics. Quantum mechanics in general,

is a basis dependent theory. So, a potential resource in the quantum information

theory might not be a good resource for RQI, for example the basis dependent

notion of coherence. The basis independent coherence is more e↵ective in rel-

ativistic background because of unitary invariance. As we have seen from our

calculations, using basis independent measure, a relativistic observer can identify

a wave packet, with narrow momentum uncertainty, almost as a pure state.

So, the study of coherence under successive Lorentz boosts indicates that in

order to build up the resource theory of quantum coherence in relativistic regime,

either the correlation has to be studied form a basis independent perspective,

or the observers have be well aware about the laws of transformation among

their frames and the motion of the particle. As mentioned before, di↵erent re-

source theoretic quantifiers interpret coherence di↵erently and each of them have

di↵erent foundational aspects. Recently, the resource theory of asymmetry or

reference frame has emerged which treats individual formulations of coherence

measures as special cases [76–79, 84]. The Frobenius norm based measure also

has a geometric interpretation and the quantifier is proportional to the Brukner-

Zeilinger information [84]. The skew information and the Frobenius norm based

measure have operational perspective [82, 84]. Both these geometric and oper-

ational notions have extreme importance in the context of resource theory of

coherence [74, 75, 81, 84, 92]. Our calculations show that rate of degradation of

coherence quantified by di↵erent measures are di↵erent. This also sheds light

on the foundational and operational aspects of the di↵erent notions of coherence

in relativistic background. Further investigation can be done on the application
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of resource theory of coherence in relativistic scenario for example in the case

of quantum state estimation, remote creation of coherence, quantum speed limit

etc. [93–95].
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Resonance interaction of entangled atoms

accelerating between two mirrors

Light-matter interaction is a significant branch of quantum electrodynamics with

applications ranging from fundamental physics as well as technological develop-

ments [96, 97]. Material particles such as atoms, molecules (known as quantum

emitters) absorbs and emits photons through the interaction of their internal de-

gree of freedom with the quantized electromagnetic field. These radiative prop-

erties of quantum emitters are the building blocks of technologies such as diodes,

laser, spectroscopy, elementary particle detectors etc. Later the quantum theory

of photons has been generalized in case of other quasiparticles such as phonons,

plasmons, excitons etc [98]. The development of material engineering has enabled

us to perform controlled atom-field interaction experiments in the laboratory

which provides a very wide platform for quantum information, computation and

probing fundamental physics. The examples include cold atoms, superconducting

circuits, micro and nano mechanical oscillators, spin ensemble etc [99–106].

The interaction between atom and quantum field gives rise to several signifi-

cant phenomena such as Lamb shift, Casimir-Polder force, spontaneous excitation

and emission by atoms etc. Such phenomena are triggered by the vacuum fluc-

tuation of quantum field [107, 108] and the radiation reaction of the atom (the

radiation reaction is the e↵ect of the transition dipole moment of the atom on

to itself) [109, 110]. When two atoms (one in ground state and another in ex-

cited state) interact with quantum field, The self reaction contribution leads to

exchange of real photons between two atoms. This phenomenon is known as

the resonance interaction [111–116]. The strength of resonance interaction de-

pends upon interatomic distance. When the state of the two atoms are separable,
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the resonance interaction between them is proportional to the 4th power of the

coupling constant and inversely proportional to the square of the interatomic sep-

aration in the far zone [117–120]. When the atoms are entangled i.e., they are

in subradiant or superradiant state, the resonance interaction is proportional to

the square of the coupling constant and inversely proportional to the interatomic

separation [111,112,121–123].

The resonance interaction has been studied in the context of accelerated par-

ticle detector interacting with scalar or electromagnetic vacuum [124–126]. The

works show that the resonance interaction can be observed for much lower accel-

eration compared to the very high value of acceleration required to observe Unruh

e↵ect. The study of acceleration in context of radiative properties of entangled

atoms is significant both in the context of quantum information and foundations.

The entanglement of particle under free fall and in space has become a signifi-

cant area of research in order to develop space based quantum communications

and tests of fundamental physics [127–129]. Acceleration is also an unavoidable

phenomenon in case of experiments of particle in gravitational, magnetic and op-

tical trap [130–132]. The trapped quantum particles are also used as a probe for

acceleration [133,134].

The cutting edge technology has allowed us to simulate the relativistic motion

that is di�cult to achieve in case of massive system. The circuit quantum elec-

trodynamics is the most successful platform in this context. By electrical tuning

of the qubit-field coupling, acceleration as high as 1017 m/s2 can be achieved in

superconducting circuit. It has been shown that entanglement of superconduct-

ing qubits can be generated through acceleration [135]. Such systems are also

e↵ective for quantum information processing [136] and testing fundamental phe-

nomena [137]. So, exploring resonance interaction under acceleration manifests

how this phenomenon can be controlled in advantage of the tests cited above.

The experiments of photonics are mostly performed in the confined environ-

ment rather than free space. The progress in the field of nano-fabrication [138] has

enabled us to perform quantum electrodynamical experiments in various struc-

tured environments, for example atoms trapped in optical nanofibre [139], atom-

photon lattices [140]. Such systems are building blocks to device quantum com-

munications [141]. The boundary conditions imposed by the structure of the

device itself significantly a↵ect the atom-photon dynamics of the system. So the

study of radiative properties of atoms in these structured environments is neces-

sary in order to successful implementation of quantum technology. The role of

boundary conditions in relativistic atom-field interaction are very significant in

simulating fundamental phenomena [137], generating quantum correlations [142]
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and performing quantum tasks [143].

In this chapter, we aim to explore resonance interaction of two nonmaximally

entangled atoms under the e↵ect of both acceleration and boundary conditions.

In practical experiments, a maximally entangled state is impossible to achieve due

to the background noise. However no study has been performed on the e↵ect of

nonmaximal correlation in the context of resonance interaction. The studies have

been performed on resonance interaction between maximally entangled neutral

atoms in structured environment such as photonic lattice and cylindrical waveg-

uide [144,145]. In realistic situation an atom can be subjected to acceleration due

to the e↵ect of di↵erent confining potentials [130–133]. Also the radiative proper-

ties of atoms under combined e↵ect of boundary and acceleration is a significant

area of research [105, 106]. The energy level shift due to resonance interaction

of two maximally entangled atoms has been explored in free space and and in

presence of a infinite plane mirror [124, 125]. The rate of exchange of energy

between the atoms undergoing resonance interaction in the free space has been

studied too [126]. Following the formalism of Dalibard, Dupont-Roc and Cohen-

Tannoudji (DDC) [146,147] the above works show that the resonance interaction

originates from radiation reaction (or self reaction) of the atoms interacting with

the field. Vacuum fluctuation does not have any contribution in the resonance

interaction and hence it is a nonthermal phenomena.

In our work we will consider two nonmaximally entangled atoms accelerating

between two parallel mirrors in presence of background quantized scalar vacuum.

Here the two parallel mirrors can be considered as a basic approximation of a

waveguide. We assume that each mirror impose the Dirichlet boundary condition

on the field modes. We consider two spatial configuration of the atoms

Configuration 1: The line joining two atoms is perpendicular to the plane

of the plates.

Configuration 2: The line joining two atoms is parallel to the plane of the

plates.

The acceleration of the particles is 1-dimentional and parallel to the plane of the

mirrors. In our calculation the scalar field captures the basic features of electro-

magnetic field which is su�cient for present purpose. We have also assumed that

the atoms are entangled (nonmaximally) in their superradiant or subradiant state.

Using DDC formalism we calculate the resonance energy shift and relaxation rate

of energy exchange due to resonance interaction between two atoms.

As the presence of boundary conditions modify the density of states of the

quantum field, the response of the field also gets modified. Such boundary depen-
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dent modifications a↵ect the radiative properties of atoms interacting with the

field. We see such boundary dependent terms present in the expressions, of res-

onance energy shift and relaxation rate of energy exchange, we have calculated.

We have presented various plots to show the variation of quantities of interest

against acceleration, various boundary parameters and interatomic separation.

The results show that the resonance interaction can be enhanced or inhibited by

proper choice of acceleration and configurational parameters. Our calculations

enable us to study the limiting cases such as low acceleration free space and sin-

gle mirror. All calculations in this chapter are done in natural units. The work

presented in this chapter is based on our publication [57].

The chapter is organized as follows: in the Section 4.1 we discuss how reso-

nance energy shift and relaxation rate of energy exchange can be calculated using

DDC formalism [146–149]. In Section 4.2 we mathematically describe the sys-

tems under study and then calculate the resonance energy shift and relaxation

rate of energy exchange for these systems. We explain the dependence of these

quantities on various system parameters, with numerous plots and analysis. In

Section 4.3 we present summary of our work and concluding remarks.

4.1 Interaction of accelerated atom with quantized

scalar field in Heisenberg picture

In the past studies on spontaneous emission of atoms, the role of vacuum fluctu-

ation and radiation reaction have been historically invoked either separately or

together [107–110]. The contribution of vacuum fluctuation and radiation reac-

tion in radiative processes of atoms depend upon the choice of operator ordering in

the atom-field Hamiltonian. DDC considered a specific operator ordering in their

formalism such that the vacuum fluctuation and radiation reaction contributes

to the Hamiltonian through independent Hermitian operators [146, 147]. Hence

the e↵ect of these two phenomena can be distinguished [116, 150]. Following the

implementation of DDC formalism in case of energy level shifts and radiative

processes of atoms [124, 125, 151–153], we first discuss the formalism in context

of our system.

We consider two identical, neutral, two level atoms (designated by the labels A

and B) are interacting with quantized, massless, real, scalar vacuum. We assume

that the atoms are pointlike particles with internal energy eigenstates {|gi , |ei}

and corresponding eigenvalues ⌥1
2~!0. Let the atoms are accelerating within two

perfectly reflecting mirrors situated at z = 0 and z = L, extending upto ±1
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along the x � y direction. Let the atoms move along the parallel trajectories

XA/B(⌧) (⌧ ! proper time of the atoms) such that the separation between two

atoms remain constant. We assume that atoms are interacting with the field from

infinite past to infinite future and neglect the transient e↵ects due to switching

on-o↵ of the interaction in our calculation.

In the comoving frame of atoms, the system we have considered can be de-

scribed by the multipolar Hamiltonian [126,148,149]

H(⌧) = !0�
A

3 (⌧) + !0�
B

3 (⌧) +

Z
d3k !k a†

k
ak

dt

d⌧
+ �[�A

2 (⌧)�(XA(⌧)) + �B

2 (⌧)�(XB(⌧))]

(4.1)

where � is the scalar field given by

�(X) =

Z
d3k

1p
2(2⇡)3!k

[ak(t)e
i
�!
k ·�!x + a†

k
(t)e�i

�!
k ·�!x ]. (4.2)

ak(t), a
†
k
(t) are the annihilation and creation operators of the kth mode and the

constant � is the atom-field coupling strength. The atomic pseudo spin operators

�2 and �3 are given by

�3 =
1

2
(|ei he|� |gi hg|)

�2 =
i

2
(|gi he|� |ei hg|).

(4.3)

We assume the atom and the field as the system and reservoir respectively. Follow-

ing DDC formalism [126,146,147], the Heisenberg equation for the field operator

is given by

dak(t(⌧))

d⌧
= i[H(⌧), ak(t(⌧))]

= �i!kak(t(⌧))
dt

d⌧
+ i��A

2 [�(XA(⌧)), ak(t(⌧))] + i��B

2 [�(XB(⌧)), ak(t(⌧))].

(4.4)
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the Heisenberg equations for the atomic operators are given by

d�3(⌧)

d⌧
= i[H(⌧), �3(⌧)]

= i�[�2(⌧), �3(⌧)]�(X(⌧)) (4.5)

d�±(⌧)

d⌧
= i[H(⌧), �±(⌧)]

= i!0[�3(⌧), �±(⌧)] + i�[�2(⌧), �±(⌧)]�(X(⌧)) (4.6)

where �+ = |ei hg| and �� = |gi he|. Integrating Eq. (4.4), Eq. (4.5), Eq. (4.6) we

get the solutions of these equation upto first order in � :

ak(t(⌧)) = af
k
(t(⌧)) + as

k
(t(⌧))

af
k
(t(⌧)) = ak(t(⌧0))e

�i!k(t(⌧)�t(⌧0))

as
k
(t(⌧)) = i�{

Z
⌧

⌧0

d⌧ 0�A

2 [�(XA(⌧
0)), af

k
(t(⌧))] + A ⌧ B term}. (4.7)

�(X(⌧)) = �f (X(⌧)) + �s(X(⌧))

�f (X) =

Z
d3k

1
p
2!k

[ak(t)e
i
�!
k ·�!x + a†

k
(t)e�i

�!
k ·�!x ]

�s(X(⌧)) = i�{

Z
⌧

⌧0

d⌧ 0�A

2 [�(XA(⌧
0)),�f (X(⌧))] + A ⌧ B term}. (4.8)

�3(t(⌧)) = �f

3 (t(⌧)) + �s

3(t(⌧))

�f

3 (t(⌧)) = �f

3 (t(⌧0))

�s

3(t(⌧)) = �i�

Z
⌧

⌧0

d⌧ 0�(x(⌧ 0))[�f

2 (t(⌧
0)), �f

3 (t(⌧))]. (4.9)

�±(t(⌧)) = �f

±(t(⌧)) + �s

±(t(⌧))

�f

±(t(⌧)) = �f

±(t(⌧0))e
�i!k(t(⌧)�t(⌧0))

�s

±(t(⌧)) = �i�

Z
⌧

⌧0

d⌧ 0�(x(⌧ 0))[�f

2 (t(⌧
0)), �f

±(t(⌧))]. (4.10)

In above equations, the superscript f and s implies free and source part of the

solutions.

Let us consider an arbitrary system observable GA(⌧) associated to atom A
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(alternatively we could have choose observable associated to B or both A and

B) in the Heisenberg picture. Employing symmetric operator ordering and using

the solution of Heisenberg equations obtained above, the rate of change of GA(⌧)

averaged over field variables is given by (upto order �2)

D⇣dGA

d⌧

⌘

vf

E

�

= ��2
Z

⌧

⌧0

d⌧ 0CF (XA(⌧), XA(⌧
0))
h
�A,f

2 (t(⌧ 0)),
h
�A,f

2 (t(⌧)), Gf

A
(⌧)
ii

D⇣dGA

d⌧

⌘

sr

E

�

= ��2
Z

⌧

⌧0

d⌧ 0
h
�F (XA(⌧), XA(⌧

0))
h
�A,f

2 (t(⌧ 0)),
h
�A,f

2 (t(⌧)), Gf

A
(⌧)
ii

+

�F (XB(⌧), XA(⌧
0))
h
�B,f

2 (t(⌧ 0)),
h
�A,f

2 (t(⌧)), Gf

A
(⌧)
ii i

.

(4.11)

where the subscripts ”vf” and ”sr” imply vacuum fluctuation and self reaction

respectively. CF and �F are symmetric and anti-symmetric field correlations

respectively defined as

CF (X(⌧), X(⌧ 0)) =
1

2
h0 | {�F (X(⌧)),�F (X(⌧ 0))} | 0i (4.12)

and

�F (X(⌧), X(⌧ 0)) =
1

2
h0 | [�F (X(⌧)),�F (X(⌧ 0))] | 0i , (4.13)

where |0i is the Minkowski vacuum. The anti-symmetric field correlation is also

known as susceptibility. The commutator part of Eq. (4.11) can be considered as

the e↵ective Hamiltonian (operating on the atom A) [124]

(HA, eff ) = (HA, eff )vf + (HA, eff )sr

(HA, eff )vf = �
i�2

2

Z
⌧

⌧0

d⌧ 0CF (XA(⌧), XA(⌧
0))
h
�A,f

2 (t(⌧)), �A,f

2 (t(⌧ 0))
i

(HA, eff )sr = �
i�2

2

Z
⌧

⌧0

d⌧ 0
h
�F (XA(⌧), XA(⌧

0))
h
�A,f

2 (t(⌧)), �A,f

2 (t(⌧ 0))
i

+ �F (XA(⌧), XB(⌧
0))
h
�A,f

2 (t(⌧)), �B,f

2 (t(⌧ 0))
i i

.

(4.14)

4.1.1 Energy level shift in the two atom system

The e↵ective Hamiltonian operating on each atom will cause energy level shift.

Sum of energy level shift in each atom gives the total energy level shift in the two

particle system. The total energy level shift is evaluated using non-degenerate
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perturbation theory [124]

�E = (�E)vf + (�E)sr

(�E)vf = �i�2
Z

⌧

⌧0

d⌧ 0
h
CF (XA(⌧), XA(⌧

0))�A(⌧, ⌧
0) + A ⌧ B term

i

(�E)sr = �i�2
Z

⌧

⌧0

d⌧ 0
h
�F (XA(⌧), XA(⌧

0))CA(⌧, ⌧
0) + �F (XA(⌧), XB(⌧

0)) CA,B(⌧, ⌧
0)

+ A ⌧ B term
i
.

(4.15)

The terms C(⌧, ⌧ 0) and �(⌧, ⌧ 0) are the symmetric and anti-symmetric atomic

correlations, defined as

�(⌧, ⌧ 0) =
1

2
h | [�f

2 (t(⌧)), �
f

2 (t(⌧
0))] |  i (4.16)

C(⌧, ⌧ 0) =
1

2
h | {�f

2 (t(⌧)), �
f

2 (t(⌧
0))} |  i , (4.17)

where | i is the state of the two atoms. (�E)vf and the first term of (�E)sr (along

with their A ⌧ B counterparts) cause Lamb shift in the two particle system. The

second term of (�E)sr (along with their A ⌧ B counterparts) is the energy level

shift due to resonance interaction in the two particle system.

4.1.2 Relaxation rate of change of energy in the two atom system

We substitute GA(⌧) in Eq. (4.11) by total atomic Hamiltonian Hs(⌧) =

!0�A

3 (⌧) + !0�B

3 (⌧) and compute the expectation with respect to the two par-

ticle state | i. The resulting expression gives the relaxation rate of change of

energy of the two particle system [126]

R = Rvf +Rsr

Rvf = 2i�2
Z

⌧

⌧0

d⌧ 0
h
CF (XA(⌧), XA(⌧

0))
d

d⌧
�A(⌧, ⌧

0) + A ⌧ B term
i

Rsr = 2i�2
Z

⌧

⌧0

d⌧ 0
h
�F (XA(⌧), XA(⌧

0))
d

d⌧
CA(⌧, ⌧

0) + �F (XA(⌧), XB(⌧
0))

d

d⌧
CA,B(⌧, ⌧

0)

+ A ⌧ B term
i

(4.18)

with R =
D⇣

dHs(⌧)
d⌧

⌘E

�, 

, Rvf =
D⇣

dHs(⌧)
d⌧

⌘

vf

E

�, 

, Rsr =
D⇣

dHs(⌧)
d⌧

⌘

sr

E

�, 

. Rvf

and the first term of Rsr (along with their A ⌧ B counterparts) is the total
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relaxation rate of change of energy through spontaneous emission. The second

term of Rsr (along with their A ⌧ B counterparts) is the total relaxation rate of

change of energy through resonance interaction.

4.2 Energy level shift and rate of change of energy

due to resonance interaction two entangled atoms

accelerating between parallel mirrors

We will now apply above formulation in case of the system we have considered.

Let the quantum state of the two atoms is given by

| i = sin ✓ |gA, eBi+ cos ✓ |eA, gBi (4.19)

with 0  ✓  ⇡. At ✓ = 0, ⇡2 , ⇡ the state of the atoms are separable. At ✓ = ⇡

4 ,
3⇡
4

the state is maximally entangled. ✓ = ⇡

4 and ✓ = 3⇡
4 corresponds to superradiant

and subradiant states respectively. The atoms are confined in the z direction, by

two mirrors placed at z = 0 and z = L respectively.

As we have mentioned in the introduction, we consider two spatial configura-

tions of the atoms : the line joining two atoms is perpendicular to the plane of

the plates as shown in the Figure (4.1) and the line joining two atoms is parallel

to the plane of the plates as shown in the Figure (4.2).

Figure 4.1: Line joining two atoms is perpendicular to the plates
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Figure 4.2: Line joining two atoms is parallel to the plates

Let, the atoms are accelerating along x-direction.

Configuration 1: The trajectories of the atoms, when line joining two atoms

is perpendicular to the plane of the plates, are

tA/B(⌧) =
1

a
sinh a⌧

xA/B(⌧) =
1

a
cosh a⌧

yA = yB = 0

zA = z0

zB = z0 + d

(4.20)

where a is the proper acceleration of both the atoms, and d is the interatomic

distance. Since atoms are confined within the mirrors, d + z0  L should

hold for this configuration.

Configuration 2: The trajectories of the atoms, when line joining two atoms
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is parallel to the plane of the plates, are

tA/B(⌧) =
1

a
sinh a⌧

xA/B(⌧) =
1

a
cosh a⌧

yB = yA + d

zA = zB = z0 .

(4.21)

We will calculate energy level shift and rate of change of energy due to

resonance interaction of atoms in above two configurations. For that we need

to calculate susceptibility �F (XA(⌧), XB(⌧ 0)) and symmetric atomic correlation

CA,B(⌧, ⌧ 0). For the system considered, Eq. (4.13) takes the form

�F (XA(⌧), XB(⌧
0)) =

1

2
h0 | [�F (XA(⌧)),�

F (XB(⌧
0))] | 0i . (4.22)

In case of space-time bounded by two parallel mirrors, the Wightman function

between two space-time points is obtained using the method of images [154]

W (X(⌧), X(⌧ 0)) = h0 | �F (X(⌧))�F (X(⌧ 0)) | 0i

= �
1

4⇡2

1X

n=�1

h
1

(�t� i⌘)2 ��x2 ��y2 � (2Ln��z)2
�

1

(�t� i⌘)2 ��x2 ��y2 � (2Ln� z � z0)2

i
.

(4.23)

Using above definition susceptibility can be expressed as

�F (X(⌧), X(⌧ 0)) = �
i

4⇡

1X

n=�1
✏(�t)

h
�(�t2 ��x2

��y2 � (2Ln��z)2)

��(�t2 ��x2
��y2 � (2Ln� z � z0)2)

i

(4.24)

with
✏(�t) = 1 for �t > 0

= �1 for �t < 0.
(4.25)

Substituting trajectories of the particles in two configurations, described by

Eq. (4.20), Eq. (4.21), in the above expression and using the relation �(f(r)) =P
j

�(r�rj)
|f 0(rj)| (rj(s) are the roots of f(r)) we evaluate the susceptibility for the two

cases:
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Configuration 1:
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i

(4.26)

where �⌧ = (⌧ � ⌧ 0), z1 =| 2nL� d | and z2 =| 2nL� 2z0 � d |.

Configuration 2:

�F
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0)) = �

1

8⇡2

Z 1

0

d! (ei!�⌧ � e�i!�⌧ ) ⇥
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hsin(2!
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q
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2
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�
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sinh�1( z4a2 ))
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q
1 + z

2
4a

2

4

i

(4.27)

where z3 =
p
d2 + 4n2L2 and z4 =

p
d2 + 4(nL� z0)2.

Using Eq. (4.17), Eq. (4.19) we obtain the symmetric atomic correlation for

the system under consideration

CA,B(⌧, ⌧
0) =

1

2
h | {�A,f

2 (t(⌧)), �B,f

2 (t(⌧ 0))} |  i

=
sin 2✓

8
(ei!0�⌧ � e�i!0�⌧ ).

(4.28)

4.2.1 Resonance energy level shift

From Eq. (4.15) the resonance energy level shift for two particle system can be

written as

�Er = �i�2
Z

⌧

⌧0

d⌧ 0[�F (XA(⌧), XB(⌧
0)) CA,B(⌧, ⌧

0) + A ⌧ B term]. (4.29)

Using above equation along with Eq. (4.26), Eq. (4.27), Eq. (4.28) we calculate

the resonance energy shift for the two configurations we have considered. In

order to evaluate the integrals we set ⌧ ! 1 and ⌧0 ! �1 following DDC

formalism [147]. This implies that correlation time of the atoms are very small

compared to their time of flight (⌧ � ⌧0). However the relaxation time of the

atoms are much larger than(⌧ � ⌧0).

Hence the resonance energy shift for
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Configuration 1:
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Configuration 2:

(�Er)k = �
�2 sin 2✓
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(4.31)

In order to understand the dependence of resonance energy shift on various

system parameters we plot (�Er)? and (�Er)k with respect to initial acceleration

of the atoms (a), interatomic separation (d), and distance of any one atom from

adjacent plate (z0). In this work we choose z0 to be the distance between the

plate at z = 0 and the nearest atom(s). In the plots all physical quantities

have been represented in the dimensionless units. The order of magnitude of

the quantities !0L, !0z0 and !0d are chosen in the similar range (here !0 is a

constant, not a parameter) to maximize the e↵ect of the cavity on the dynamics

of the system [156].

The expression in Eq. (4.30), Eq. (4.31) suggests that the resonance energy

level shift changes sinusoidally with entanglement. In realistic situations it is

very di�cult to preserve entanglement in the laboratory. So, the quantum states

used during the experiments are usually non-maximally entangled. The plots are

presented for maximum entanglement. Since magnitude of resonance energy shift

is same for both ✓ = ⇡

4 ,
3⇡
4 , we have done all the plots by setting ✓ = 3⇡

4 .

First, we study the variation of energy level shift due to varying acceleration.

As mentioned earlier, atoms may be subjected to acceleration inside waveguides

by the background potential. Figure (4.3) shows variation of resonance energy

shift (per unit
⇣
�
2
!0

16⇡

⌘
) with respect to acceleration for both configurations. At

lower values of acceleration the resonance energy shift increases with increase in

acceleration. Then it reaches a peak and decreases with increase in acceleration

for higher values of acceleration. The plots also show that atomic configuration

and cavity parameters a↵ect the value of resonance energy level shift.

Let us now study how resonance energy level shift is a↵ected by interatomic

distance and their position with respect to the plates. Figure (4.4) shows variation

of resonance energy shift (per unit
⇣
�
2
!0

16⇡

⌘
) with respect to the distance (!0z0)
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Figure 4.3: Resonance energy level shift (per unit
⇣
�
2
!0

16⇡

⌘
) versus acceleration

(the symbol a⌘ a), ((Er/
⇣
�
2
!0

16⇡

⌘
)? stands for atoms aligned perpendicular to the

plates, (Er/
⇣
�
2
!0

16⇡

⌘
)k stands for atoms aligned parallel to the plates), ✓ = 3⇡/4,

!0d = 0.5, !0z0 = 0.3.
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Figure 4.4: Resonance energy level shift (per unit
⇣
�
2
!0

16⇡

⌘
) versus distance of any

one atom from one plate (both configurations), ✓ = 3⇡/4, a/!0 = 4, !0L = 1.2.

of one atom from the adjacent plate. The plots have been presented for di↵erent

values of interatomic separation in case of both configurations. From the plots,
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we see that both the energy shifts and their di↵erence due to di↵erent interatomic

separations get enhanced when atoms are farther from the boundaries, and di-

minish as they get closer to the boundary. The energy shift becomes maximum

when the atoms are equidistant from both plates (true for both configurations).

If either of the atoms touches the plate, resonance interaction will vanish (as can

be seen from the relevant mathematical expressions, as well).
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λ2 ω0
16π
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16π
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))∥ (ω0z0 = .5)
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Figure 4.5: Resonance energy level shift (per unit
⇣
�
2
!0

16⇡

⌘
) versus interatomic

distance (for both configurations), ✓ = 3⇡/4, a/!0 = 4, !0L = 1.2.

Figure (4.5) shows variation of resonance energy shift (per unit
⇣
�
2
!0

16⇡

⌘
) with

respect to interatomic separation for both configurations. In all the cases the

resonance energy shift decreases monotonically with increase in the interatomic

separation. In case of configuration 1 the rate of decrement is sharper than that of

configuration 2. This is because of the fact that with increase in the interatomic

separation the atoms moves closer to the mirrors in case of configuration 1. In

case of configuration 2, z0 remains constant with increase in the interatomic

separation.

So far we have studied the dependence of resonance energy shift on various

system parameters. Next we will calculate the energy shift for limiting cases of

various parameters.
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Low acceleration limit

When the acceleration is low such that a ⌧ L�1, d�1, z�1
0 i.e, aL, az0, ad ⌧ 1.

The 1st term of Eq. (4.30) can be rewritten as
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(4.32)

where b·e is the nearest integer. In the limit aL ! 0, 3rd term of Eq. (4.32)

vanishes. So, the Eq. (4.32) reduces to

((�Er)?)1st term =
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Similar reduction can be done for 2nd term of Eq. (4.30). In the limit aL, az0,

ad ! 0, expanding the surviving term upto order a2 and simplifying we get

((�Er)?)low acc. =
�2 sin 2✓
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" 1X
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8
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i
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3
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⌘i#

(4.34)

where M1 = (2nL � d), M2 = (2nL � 2z0 � d), Q1 = (2nL + d) and Q1 =

(2nL+2z0+d). Above expression contains no term in the linear order in a which

resembles inertial limits obtained with other systems in similar context [155].

The low acceleration limit of parallel configuration can be calculated in similar
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manner.

Single mirror and free space limit

When L ! 1, the system reduces to entangled atoms and field in presence of a

single mirror. Substituing this limit in Eq. (4.30), Eq. (4.31) we get

(�Er)? = �
�2 sin 2✓

16⇡

2

4cos(
2!0
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sinh�1(da2 ))

d
q
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4

�
cos(2!0
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sinh�1(D1a

2 ))

D1

q
1 + D

2
1a

2

4

3

5 (4.35)

where D1 = d+ 2z0. The expression for (�Er)k in this limit is given by replacing

D1 in Eq. (4.35) by D2 =
p

d2 + 4z20 . These results match with the expression

of resonance energy shift calculated explicitly for entangled atom and field in

presence of single mirror [125].

When L ! 1 and z0 ! 1, the system reduces to entangled atoms and field

in free space. Substituing these two limits in Eq. (4.30), Eq. (4.31) we get

�Er = �
�2 sin 2✓

16⇡
·
cos(2!0

a
sinh�1(da2 ))

d
q
1 + d2a2

4

. (4.36)

Above expression holds for both configurations. This result matches with the

expression of resonance energy shift calculated explicitly for entangled atoms and

field in free space [124].

4.2.2 Relaxation rate of change of energy due to resonance in-

teraction

From Eq. (4.18) the relaxation rate of energy exchange for two particle system

can be written as

Rr = �i�2
Z

⌧

⌧0

d⌧ 0[�F (XA(⌧), XB(⌧
0))

d

d⌧
CA,B(⌧, ⌧

0) + A ⌧ B term]. (4.37)

Using above equation and Eq. (4.26), Eq. (4.27), Eq. (4.28) we evaluate Rr for

the two configurations. With similar arguments as in the case of energy shift, we

set the limits of the integrals as ⌧ ! 1 , ⌧0 ! �1.

So, relaxation rate of energy exchange for
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Configuration 1:
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Configuration 2:

(Rr)k = �
�2!0 sin 2✓

8⇡

1X

n=�1

2

4sin(
2!0
a

sinh�1( z3a2 ))

z3

q
1 + z

2
3a

2

4

�
sin(2!0

a
sinh�1( z4a2 ))

z4

q
1 + z

2
4a

2

4

3

5 .
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Now we plot the variation of relaxation rate of energy exchange (Rr)? and

(Rr)k against parameters such as the atom-plate distance (z0), and separation

between the plates (L). All the physical quantities have been represented in the

dimensionless units and the entanglement parameter has been chosen as ✓ = 3⇡
4 .

The quantitative behaviour of the plots in the two cases have lot of similarities

but there are a lot of significant di↵erences that we will discuss below.
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Figure 4.6: Relaxation rate due to resonance interaction (per unit
⇣
�
2
!
2
0

8⇡

⌘
) versus

distance of any one atom from one plate (atoms aligned perpendicular to the
plates), ✓ = 3⇡/4, a/!0 = 4, !0L = 1.2.

Figure (4.6) shows the variation of relaxation rate of energy exchange (per

unit
⇣
�
2
!
2
0

8⇡

⌘
) for both configurations, with respect to the distance (!0z0) of one
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Figure 4.7: Relaxation rate due to resonance interaction (per unit
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) versus

separation between two mirrors (for both configurations), ✓ = 3⇡/4, a/!0 = 4,
!0d = 0.5.

atom from the adjacent plate. The plots have been done for various values of

interatomic separation. Similar to the case of resonance energy level shift, (Rr)?
and (Rr)k get enhanced when the atoms are farther from the mirror and become

maximum when the atoms are equidistant from both plates (for both configura-

tion 1 and 2). So, the rate of energy exchange will get diminished as the atoms

move nearer the mirror and vanishes as any of the atoms touches the mirror.

Figure (4.7) shows variation of relaxation rate of energy exchange (per unit⇣
�
2
!
2
0

8⇡

⌘
), for both configurations, with respect to the separation between the two

mirrors (!0L). For both configurations the rate of energy exchange increases

with increase in the separation within two mirrors and tends toward the satu-

ration value of the single boundary limit. This happens as increase in the plate

separation makes our system access a larger number of modes. The variation is

steeper for larger atom-plate distance, as seen from the plots.

Similar to the previous section, next we calculate relaxation rate of change of

energy in the limiting cases of various parameters. In case of low acceleration the

expression of (Rr)? and (Rr)k can be obtained following the method described in

Section 4.2.1. So let us now focus on the limiting cases of cavity parameters L

and z0.
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Single mirror and free space limit

When L ! 1, the system represents the entangled atoms and field in presence

of a single mirror. Substituing this limit in Eq. (4.38), Eq. (4.39) we get
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with D1 = d+ 2z0. The expression of (Rr)k can be evaluated by replacing D1 in

Eq. (4.40) by D2 =
p

d2 + 4z20 .

When L ! 1 and z0 ! 1, the system represents the entangled atoms and

field in the free space. Substituting this limit in Eq. (4.38), Eq. (4.39) we get

Rr = �
�2 sin 2✓

8⇡
·
sin(2!0

a
sinh�1(da2 ))

d
q
1 + d2a2

4

(4.41)

The above expression holds for both configuration 1 and 2. The expression of

Eq. (4.41) matches with the result in the reference [126], where the relaxation

rate of energy exchange has been explicitly calculated for entangled atoms and

field in the free space.

4.3 Conclusions

In this chapter we have calculated energy level shift and relaxation rate of energy

exchange of two entangled atoms, in their superradiant or subradiant state, ac-

celerating between two mirrors. Resonance interaction is a significant phenomena

which results from the interaction of two atoms, one in ground state and another

in the excited state, with the quantum vacuum. The two atoms exchange real

photons via the quantum field, as a result of such interaction.

The presence of mirrors invoke Dirichlet boundary conditions on the quantum

field modes. We have considered two spatial configurations of the system : the

line joining the two atoms are perpendicular and parallel to the plane of the

plates respectively. Following the formalism proposed by DDC [146, 147], we

have calculated the quantities of interest, the energy level shift and relaxation

rate of energy. We have presented numerous plots showing the dependence of the

above two quantities on various system parameters. We have also discussed our

results for the limiting cases of the values of the parameters involved.

The aim of this work is to explore how the radiative process of entangled,
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neutral atoms in noninertial frame in presence of boundary conditions can be ma-

nipulated by various parameters related to the atom and the atom-mirror spatial

configuration. In order to evaluate the quantities of interest we have employed

Wightman function of quantized scalar field bounder by two parallel mirrors.

This function represents the correlation between the field at two space-time point

resulting from the reflection of individual photons within the mirrors. Follow-

ing DDC formalism we have studied resonance interaction between entangled

atoms whose order of magnitude (proportional to square of atom-field coupling

strength �) is di↵erent from that of separable atom (proportional to fourth power

of atom-field coupling strength). Our study show that, in the order �2, resonance

interaction can occur even when the state of the two atoms are non-maximally

entangled. Our results are also consistent with the fact that the resonance inter-

action in this order vanishes when the state of the atoms are separable suggested

by earlier studies [111,112,121–123].

We have analytically evaluated the expression for energy level shift and re-

laxation rate of energy exchange due to resonance interaction and plotted these

quantities against acceleration, distance of the atoms from the mirrors, separation

between the atoms and separation within the two mirrors. The plots show that

the choice of appropriate values of above parameters enables us to enhance or

inhibit the resonance interaction. In the plots the value of acceleration is chosen

in the order of transition energy !0 of the atoms. This gives a very high range

of values of acceleration which is impossible to achieve with current technology.

So, we analytically calculate the resonance energy shift for very small accelera-

tion and same method can be used to calculate energy exchange rate for small

acceleration. Putting appropriate limiting values of parameters in our results, we

have also evaluated the resonance energy shift and energy exchange rate for sin-

gle mirror and free space limit. The expressions obtained for these limiting cases

matches with the results of the earlier studies which has explicitly calculated

those cases.

In recent time, the development in the field of technology has enabled us to

engineer cavity with dimension in the nanometer range and perform quantum

electrodynamical experiment in such setup [138]. So, we can provide a quanti-

tative estimation of the resonance energy level shift with realistic experimental

parameters. We choose separation between the mirrors L = 50 nm, the dis-

tance of one mirror from the nearest atom z0 = 12 nm, interatomic separation

d = 20 nm and the acceleration of the atoms ⇠ 1017 m/s2 (maximum value of

acceleration simulated through parametric amplification in the superconducting

circuits [137]). We also set � = 0.1 and !0 = 5 eV. Using Eq. (4.34), we obtain the
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correction in the resonance energy level shift because of the e↵ect of acceleration

as ⇠ 10�11 eV. The experimentally measured value of Lamb shift of hydrogen

atoms are ⇠ 10�6 eV [157]. So, such correction in energy shift due to acceleration

should be possible to probe with future technology.

In conclusion our analysis provides a platform to explore whether the reso-

nance interaction of accelerated quantum emitters interacting with background

electromagnetic vacuum can be manipulated in structured environment such as

waveguide. In this work we have considered the e↵ect of acceleration and Dirichlet

boundary conditions. Further studies can be performed in this set-up to look for

the e↵ect of decoherence in practical situations. Similar studies can be performed

for various other type of boundary conditions. Also our study can be extended

in realistic situations such as quantum transport phenomena [158].
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Atom, mirror and GUP modified vacua :

a test of weak equivalence principle

General relativity predicts that gravity is a manifestation of the geometry of

space-time [159]. The geometry of space-time a↵ects the dynamics of physical

entities residing in it. In context of quantum field theory the background space-

time geometry gives rise to production of particles from vacuum. The significant

examples of such phenomena are cosmological particle production [6], Hawking

radiation [7, 8], Unruh e↵ect [12] etc. Since their discovery, the physics of such

particle production phenomena have reached important milestones developing the

foundation of quantum theory. The produced particles have a thermal spectrum

which implies a deep connection between thermodynamics and gravity. This

understanding has led the scientific community to formulate black hole thermo-

dynamics [160]. The black hole information paradox in this context has indicated

the requirement of consistency between quantum information theory and gravity.

The particle produced by quantum field due to background space-time geom-

etry can excite atoms (Unruh-DeWitt detector) via atom-field interaction. Un-

ruh e↵ect predicts that the vacuum of an inertial observer will appear excited

with respect to an observer with constant proper acceleration measured from

comoving frame (Rindler observer) [12]. An atom accelerating with respect to

Minkowski space-time can become excited by absorption of Rindler particle. As

a consequence the inertial observer will observe the emission of Minkowski par-

ticle which is known as acceleration radiation [67]. An accelerated mirror also

leads to particle production from vacuum [11] which can excite an Unruh-DeWitt

detector [106].

In the theories mentioned above the gravity is treated classically. One of the
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major goal of research in quantum foundation is to develop quantum theory of

gravity. These e↵orts have developed the formulations of string theory [161] and

loop quantum gravity [162]. These theories suggest that, a consistent theory of

quantum gravity should correspond to a minimum observable length scale [163].

This minimum length scale is basically the Planck scale lP =
p
G~/c3 ⇠ 10�33

cm. The existence of minimum length scale should modify Heisenberg’s uncer-

tainty principle. This modified uncertainty principle is known as the generalized

uncertainty principle (GUP) [164, 165]. As GUP is associated to a minimum

measurable length it is expected to violate Lorentz covariance [166].

Study of GUP has been performed in several directions such as black hole

thermodynamics [167], Unruh e↵ect [168] and low energy phenomenology such

as quantum mechanics [169, 170], quantum optics [171] etc. These studies in the

low energy quantum regime have opened up the possibilities to search for indirect

evidence of quantum gravity in laboratory. Violation of equivalence principle is

an interesting topic to explore in this context, after all GUP violates Lorentz

covariance. However no studies has been performed in this directions. Violation

of classical weak equivalence principle [172] has been explored in the context

of interference experiments under gravitational acceleration [173], gravitationally

bound particles [174] and freelly falling quantum mechanical particles [175] etc.

The quantum state under the transformation of reference frames have profound

significance in the context of equivalence principle for quantum systems [176].

Quantum formulation of equivalence principle has also been proposed [177].

The equivalence principle in the context of quantum electrodynamics has faced

significant challenges [178, 179]. A very popular model to test weak equivalence

principle (WEP) is the relative acceleration of detector and cavity [179,180]. Such

models compares the response of a detector accelerating through a static cavity

and the response of a static detector when an accelerating cavity crossing it. In

general the nonlocality of quantum field (massive/massless) can distinguish the

two situations described above [180] which can be considered as a manifestation

of violation of equivalence. In the work described above the cavity contains

multimode vacuum. A similar problem has been studied in case of an atom-

mirror system in relative acceleration in single mode vacuum [106]. Surprisingly

in this specific case the transition probability of accelerated atom in presence of

static mirror is equal to the transition probability of static atom in presence of

accelerated mirror upto some constant phase factor. Equating the field frequency

with the atomic transition frequency we see that, the position dependent Fano

interference is same in both cases. This can be considered as a manifestation of

symmetry between the two systems. So, this very set-up fails to register violation
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of equivalence caused by quantum mechanical system.

Our aim in this work is to look for violation of equivalence introduced by GUP,

in a system of particle detector and boundary in relative acceleration, with GUP

modified single mode background quantum vacuum. For that purpose, we choose

a GUP modified version of the system considered by Svidzinsky et al. [106]. So,

in our calculation we consider two cases

(a) An accelerated two level atom interacting with single mode GUP modified

vacuum in presence of a static mirror.

(b) A static two level atom interacting with single mode GUP modified vacuum

in presence of an accelerated mirror.

We calculate excitation probability of atoms in each of the above cases and study

the e↵ect of GUP. The spatial dependence of the interference pattern exhibited

by the transition probabilities are explicitly obtained in the single mode cavity

set-up. We then compare the result obtained in the two cases in order to see

the violation of equivalence introduced by GUP. It is important to note here that

experimental implementation of the accelerating atom-mirror system has been

proposed using superconducting circuits [54,137,181,182] which provides a direct

experimental platform for the set-up we have considered in this work.

The work presented in this chapter is based on our publication [58]. In our

calculation we have separately shown the contribution of field and atomic transi-

tion frequency in the excitation probabilities. The result shows that GUP a↵ects

the system through field frequency and has a damping e↵ect on the system in

both cases . In case (b) GUP modifies the Unruh temperature. Also in case (b)

GUP introduces position dependent modulation in the Fano interference term.

This breaks the symmetry observed, in absence of GUP, between the Fano inter-

ference pattern in the excitation probability in the two cases. Hence violation of

equivalence due to GUP is obtained. We define a equivalence violation param-

eter in the context of our system and discuss how GUP can put bound on the

violation. We also estimate a weak bound on GUP from the damping factor. All

the calculations in this chapter has been done in SI units.

The organization of the chapter is as follows: in Section 5.1 we discuss the

definition of GUP that we will use in our study. In Section 5.2 we will calculate

the excitation probabilities of an accelerated two level atom interacting with sin-

gle mode GUP modified vacuum in presence of a static mirror and the excitation

probability of a static two level atom interacting with single mode GUP modi-

fied vacuum in presence of an accelerated mirror. In Section 5.3 we discuss the
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violation of equivalence in our system. In Section 5.4 summarize our results and

make concluding remarks.

5.1 The definition of generalized uncertainty principle

(GUP)

The simplest definition of GUP is [169]

�qi�pi �
~
2

⇥
1 + �(�p2 + hpi2) + 2�(�p2

i
+ hpii

2)
⇤

(5.1)

where � = �0/(MP lc)2 is the GUP parameter, �0 is a constant, MP l is the Planck

mass and p2 =
P
i

p2
i
, (i = 1, 2, 3). Setting � = 0 in Eq. (5.1) we recover Heisenberg

uncertainty principle. This modified uncertainty leads to following algebra

[qi, pj] = i~(�ij + ��ijp
2 + 2�pipj) . (5.2)

Putting � = 0 in above equation gives Heisenberg algebra. The GUP modifies

relativistic dispersion relation [168].

5.1.1 GUP deformed Klein-Gordon equation

GUP modified dispersion relation leads to the deformed Klein-Gordon equation

in (1 + 1) dimensions [168] :

⇣
c�2 @2

t
� @2

z
+ 2�~2 @4

z

⌘
�(t, z) = 0 . (5.3)

� = 0 gives standard Klein-Gordon equation in (1 + 1) dimensions. Since � is a

very small parameter the above equation can be solved perturbatively.

5.2 Excitation probability of atom by GUP modified

vacua

Let us consider a two level atom with internal energy levels {|gi , |ei} and energy

eigenvalues {�
!0
2 ,

!0
2 } respectively. The atom is interacting with single mode

background quantized vacuum in presence of a mirror. The canonical operators

of the quantum field satisfies GUP defined by Eq. (5.1). We will calculate the

excitation probabilities of the atom in the following two situations:
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5.2.1 Accelerating atom and static mirror

Let the mirror is static in the position z = z0 in the Minkowski space-time. The

atom is moving with uniform proper acceleration a through the Minkowski vac-

uum. The atom is considered as a point particle. The coordinate transformation

b/w frame of the atom and Minkowski frame is

t =
c

a
sinh

a⌘

c
z =

c2

a
cosh

a⌘

c
(5.4)

with ⌘ is proper time of atom and z0 < c2/a.

In order to find excitation probability of atom we first solve Eq. (5.3), in

Minkowski space-time with the boundary condition �(t, z0) = 0 because of the

mirror at z = z0. We choose the solution � of the form

�⌫(t, z) = e�i⌫tenz (5.5)

where ⌫(> 0) is the frequency of the single mode field. Substituting this solution

in Eq. (5.3), we get

n2
� 2�~2n4 +

⌫2

c2
= 0 . (5.6)

In order to solve this equation we choose

n = (n0 + � en) (5.7)

where n0 and en has to be determined. Substituting this in the above equation and

comparing coe�cients of powers of � up to O(�) on both sides of the equation,

we get

n0 = ±
i⌫

c
(5.8)

en = ⌥
i~2⌫3
c3

. (5.9)

So, we get

n = ± i
⌫

c

⇣
1� �~2⌫

2

c2

⌘
. (5.10)

Hence the solution of Eq. (5.3) with the boundary condition �(t, z0) = 0 is

�⌫(t, z) = e�i⌫te�i
⌫
c (1��~

2 ⌫2

c2
)(z�z0)

� e�i⌫tei
⌫
c (1��~

2 ⌫2

c2
)(z�z0) . (5.11)
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The atom-field interaction Hamiltonian can be written as

HI(⌘) = ~g(â†
⌫
�⇤
⌫
(t, z) + â⌫�⌫(t, z)) ·

i

2
(|gi he| e�i!0⌘ � |ei hg| ei!0⌘). (5.12)

where the coupling constant g is assumed to be independent of ⌘. â⌫ , â†⌫ are the

annihilation and creation operators of the field mode. The transition amplitude

of the atom is given by

A =
1

~

Z
d⌧ h1⌫ , e | HI(⌧) | 0, gi . (5.13)

The excitation probability of the atom is given by

P1 =
1

~2

�����

Z
d⌧ h1⌫ , e | HI(⌧) | 0, gi

�����

2

=
g2

4

�����

Z 1

�1
d⌧ �⇤

⌫
(t, z)ei!0⌧

�����

2

. (5.14)

Substituting Eq. (5.11), Eq. (5.4) in the above expression and after some calcu-

lation we get

P1 =
g2

4

�����

Z 1

�1
d⌧
h
e(

i⌫
c ↵1e

a⌧
c �i↵2e

�a⌧
c � i⌫

c ↵3z0)

� e�( i⌫c ↵1e
�a⌧

c �i↵2e
a⌧
c � i⌫

c ↵3z0)
i
ei!0⌧

�����

2

(5.15)

where ↵1 = (1 � �~2⌫2
2c2 ), ↵2 = �~2⌫3

2ac , ↵3 = (1 � �~2⌫2
c2

). Evaluating above integral

we get the excitation probability of atom as

P1 =
1

~2

�����

Z
d⌘ h1⌫ , e | HI(⌘) | 0, gi

�����

2

=
2⇡g2c

a!0
·
e�
�

�~2⌫4
a2

⌦ cos�
�

e(
2⇡!0c

a )
� 1

sin2
⇣ ⌫̃z0

c
� ⌧ �

�~2⌫2!0

2ac
+
�~2⌫4
2a2

⌦ sin�
⌘

(5.16)
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where

⌫̃ = ⌫
�
1� �~2⌫2

c2

�
, ⌦ =

���
�
� i!0c

a
�1
���

���
�
� i!0c

a

��� , ✓ = Arg
�
�
�
�

i!0c

a

��
,

✓1 = Arg
�
�
�
�

i!0c

a
� 1
��
, � = (✓1 � ✓), ⌧ = � + ✓,

� = !0c

a
ln a

⌫c
.

(5.17)

The Unruh temperature is independent of GUP. The interference term, arising

due to the incident and reflected waves, is governed by field frequency and GUP

parameter �. GUP has introduced a damping parameter e�
�
�~2⌫4
a2

⌦ cos�
�
.

5.2.2 Accelerating mirror and static atom

Let the atom is static at z = z0 < c2/a in the Minkowski space-time and the mirror

is accelerating with constant proper acceleration a. Coordinate transformation

b/w frame of the mirror and Minkowski frame is

t =
c

a
eaz̄/c

2
sinh

at̄

c
z =

c2

a
eaz̄/c

2
cosh

at̄

c
. (5.18)

The mirror is spatially static in the Rindler frame and its trajectory is given by

z̄ = 0. The presence of the accelerating mirror modulates the field mode.

Perturbative solution of deformed Klein-Gordon equation (Eq. (5.3)) in the

frame of mirror

�⌫(t̄, z̄) = e�i⌫ t̄

⇣
ei
⌫

c
(1��~2 ⌫

2

c2
)z̄
� e�i

⌫

c
(1��~2 ⌫

2

c2
)z̄
⌘
. (5.19)

We now need the inverse transformations of Eq. (5.18) which are given by

t̄(t, z) =
c

2a
ln

✓
z + ct

z � ct

◆

z̄(t, z) =
c2

2a
ln

✓
a2

c4
�
z2 � c2t2

�◆
. (5.20)

The above transformations are defined for z > c|t|. Substituting these transfor-

mations in Eq. (5.19) and simplifying, we get the field mode observed by atom

�(t, z) = ei[
⌫̄c
a ln ( a

c2
(z�ct))]

⇣
a

c2
(z + ct)

⌘� i�~2⌫3
2ac

⇥(z � ct)

� e�i[ ⌫̄ca ln ( a
c2

(z+ct))]
⇣

a

c2
(z � ct)

⌘ i�~2⌫3
2ac

⇥(z + ct)

(5.21)
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where ⌫̄ = (1� �~2⌫2
2c2 )⌫. The atom-field interaction Hamiltonian and the transition

probability amplitude are the same as Eq. (5.12), Eq. (5.13) with ⌘ replaced by

t and (t, z) replaced by (t̄, z̄). The atomic transition probability evaluated at

atomic position (t, z0) is given by

P2 =
g2

4

���
Z 1

�1
dt �⇤

⌫
(z0, t)e

i!0t

���
2

. (5.22)

Substituting the expression of �⇤(t, z) from Eq. (5.21) in above equation and after

some calculation, we get

P2 =
g2

4

�����

Z 1

�z0/c

dt e�i[ ⌫̄ca ln ( a
c2

(z0+ct))+!0t]
✓
az0
c2

✓
1�

ct

z0

◆◆ i�~2⌫3
2ac

+ cc.

�����

2

. (5.23)

Evaluating the above integral, we get

P2 =
2⇡g2⌫̄c

a!2
0

·
e�
�

�~2⌫3
az0!0

�

e(
2⇡⌫̄c
a )

� 1
· sin2

⇣!0z0
c

�
⌫̄c

a
ln

✓
a

!0c

◆
+
�~2⌫3
2ac

ln
⇣az0
c2

⌘

+
�~2⌫3
2ac

+
�~2⌫4c
2a2z0!0

+ Arg
⇣
�
⇣
i⌫̄c

a

⌘⌘⌘
.

The Planck factor here is governed by a GUP modified photon frequency.

However, di↵erent from the reference [106], the spatial oscillation in the interfer-

ence pattern here is very interesting. Apart from the usual position dependent

atomic frequency term, there is another position dependent term which depends

on the field frequency. This term owes its origin to the GUP. It implies that the

interference pattern gets modified by the field frequency in the presence of the

GUP.

5.3 Violation of the equivalence principle

The weak equivalence principle proposed by Einstein states that a free falling

observer or test mass in a stationary cavity in a uniform gravitational field cannot

distinguish itself from a stationary observer or test mass in an accelerating cavity.

As discussed earlier, weak equivalence principle (WEP) has been studied in the

quantum regime from various perspective. One such direction is in the context

of particle detector and cavity (or mirror) in relative acceleration in background

quantum vacuum [71, 106, 179, 180]. These works compares the response of the

detector in following two cases
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(i) An atom (Unruh-DeWitt detector) accelerating with respect to a stationary

mirror in presence of background quantum field.

(ii) A mirror accelerating with respect to a stationary atom in presence of back-

ground quantum field.

Any qualitative symmetry between these two system is considered as a manifes-

tation of WEP [71,106,179,180]. So, in a more general language, the equivalence

principle may be envisaged in terms of a symmetry between excitation of a sta-

tionary atom by an accelerating mirror (Rindler vacuum) and the excitation of

an atom freely falling under gravity with respect to a stationary mirror (Boul-

ware vacuum). A similar argument can be put forward in terms of symmetry

between the excitation of an atom accelerating in Minkowski spacetime relative

to a stationary mirror (Minkowski vacuum) and the excitation of a stationary

atom by a mirror freely falling in a gravitational field (Hartle-Hawking vacuum).

A deviation from such symmetry can be regarded as a manifestation of violation

of the equivalence principle.

We apply above notions in our system in order to study the violation of WEP.

In this work we have calculated the excitation probability of atom when

(a) the accelerated two level atom interacting with single mode GUP modified

vacuum in presence of a static mirror

(b) the static two level atom interacting with single mode GUP modified vacuum

in presence of an accelerated mirror.

Let us now set !0 = ⌫, making the frequencies of the atom and the photon

same in both cases. It can be observed that, the spatial oscillations for the two

probabilities are not the same, as is evident from Eq. (5.16), Eq. (5.24), in con-

trast to the framework based on the Heisenberg uncertainty relation [106]. This

therefore breaks the symmetry between the excitation of an atom accelerating in

Minkowski spacetime relative to a stationary mirror and a stationary atom ex-

cited by an uniformly accelerating mirror. This feature can hence be regarded as a

manifestation of violation of the equivalence principle originating from the GUP.

It can be checked that by setting � = 0 in Eq. (5.16), Eq. (5.24), the symmetry

ensues, restoring the equivalence in the Heisenberg uncertainty framework.

There have been proposals to provided bounds on the value of the GUP pa-

rameter � resulting from various e↵ects such as, correction in Lamb shift, Landau

levels, simple harmonic oscillators, and gravitational wave detections [169, 183].

Here we provide an estimate of the upper bound on � from the exponent of the
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damping factor. It is clear from the exponential factor in Eq. (5.24) that in order

to ensure that the GUP corrections do not dominate over the results obtained

in the Heisenberg uncertainty principle framework, we must have
⇣
�~2⌫3
az0!0

⌘
⌧ 1.

Taking ⌫ = !0 = 1GHz [106] and az0 ⇠ c2, we find � ⌧ 1067/(MP c)2, with MP

being the Planck mass. Though this bound is weaker than the bound obtained

on � in the context of gravitational waves [183], our result provides an example

of the possibility of formulating testable bounds on the GUP parameter in the

context of controllable low energy atom-photon interactions.

Interestingly, bounds on the GUP parameter also arise from the mismatch in

the spatial oscillation of the two probabilities. The ratio between the spatial part

of the second and first probabilities is given by

R = 1 +Q(z0) (5.24)

where

Q(z0) =
�~2⌫2c2
2a2z20

+
�~2⌫2
2az0

ln
⇣az0
c2

⌘
(5.25)

can be regarded as an equivalence violation parameter. This provides a similar

bound on � as obtained above.

5.4 Conclusion

We now summarize our findings with some observations. The main focus of this

paper is to look at the status of the symmetry between the excitation of a station-

ary atom by an accelerating mirror and a uniformly accelerating atom relative to

a stationary mirror taking into account Planck scale e↵ects. Such a symmetry

has been shown to be valid in the framework of the Heisenberg uncertainty rela-

tion, and has been interpreted as a manifestation of the principle of equivalence

in [106,179]. It should be noted however, that the interpretation of this symmetry

as a manifestation of the equivalence principle goes beyond the well known clas-

sical version which states that by local measurements it would be impossible to

distinguish between an inertial observer in Minkowski spacetime and a free-falling

observer in a gravitational field (or, equivalently, a static observer in a uniform

gravitational field and a uniformly accelerated observer in flat spacetime).

Our methodology is to consider a quantized scalar field vacuum that obeys

the GUP modified dispersion relation. From the GUP modified Klein-Gordon

equation, we obtain the solutions of the scalar field with particular boundary
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conditions imposed by the mirror in the two separate cases. Using these solutions

we calculate the excitation probabilities of the atom in both the cases, which are

found to display significant physical di↵erences.

In the first case, the GUP contributes as a constant phase in the interference.

However, in the second case the spatial oscillation gets modified by an additional

term containing the field frequency and the GUP parameter �. Hence, we find

that the symmetry observed in [106] gets broken in the framework of the GUP

even when ⌫ = !0. This is the most striking result of our study, and may be

interpreted as an explicit violation of the equivalence principle. This is because

the symmetry between the excitation of an atom accelerating in Minkowski space-

time relative to a stationary mirror and a stationary atom excited by a uniformly

accelerating mirror (considered to be a manifestation of the equivalence principle

in [106, 179]) gets broken. Further, using the condition that the GUP induced

corrections do not dominate over the corresponding expressions obtained using

the Heisenberg uncertainty relation, it is possible to constrain the value of the

GUP parameter in the context of this low energy interacting atom-mirror set-up.

Before concluding, it may be noted that in both the cases the excitation prob-

abilities contain a GUP induced damping factor. In the first case the probability

is proportional to the Planck factor containing the atomic transition frequency

and the Unruh temperature given by TU = ~a
2⇡kBc

, that one gets when � = 0. In

the second case, the atomic excitation probability is proportional to the Planck

factor which is a function of ⌫̄ = (1 �
�~2⌫2
2c2 )⌫. Thus, in the presence of the

GUP modification, the excitation probability is proportional to the Planck fac-

tor containing the field frequency and the modified Unruh temperature given by

T 0
U

= TU/(1 �
�~2⌫2
2c2 ). Since the Planck distribution in Eq. (5.24) is analogous

to the photon spectrum of an atom falling freely in the gravitational field of a

Schwarzschild black hole [97], this implies that the acceleration radiation observed

by a distant observer will be a thermal distribution with a GUP modified Hawking

temperature.
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Chapter 6
Bell nonlocality of dynamical Casimir

photons in a superconducting microwave

circuit

The fluctuaing vacuum of quantum field produces particles when the geometry of

the background space-time is curved or changes with time. In Section 2.2.3, we

have presented extensive mathematical discussion on how a moving mirror or a

time dependent boundary condition leads to particle production. The phenomena

is known as as Dynamical Casimir e↵ect (DCE) or Moore-DeWitt e↵ect [9, 10].

DCE was first theoretically proposed by G. T. Moore, in case of electromagnetic

field confined within a cavity with a nonrelativistically oscillating mirrors (oscil-

lating boundary conditions) [9]. Later the works of DeWitt, Fulling and Davies

have discovered the phenomena of excitation of quantum vacuum by relativisti-

cally accelerating mirrors in flat space-time [10,11,184].

With choice of appropriate trajectories, a perfectly reflecting accelerating mir-

ror mimics many features of black hole radiation [184,185]. However experimental

verification of particle production due to varying space-time geometry in nature

seems to be out of reach of current technology. With the development of quantum

material technology, it has been possible to create analogue DCE in the labora-

tory by varying bulk properties of materials such that time dependent boundary

conditions are induced (quantum simulation of moving mirrors) in the medium

containing the quantum field [186–189]. The time dependent boundary condition

makes the vacuum state of the field evolve into a superposition of states of var-

ious numbers of particles, by a Bogolyubov transformation [11, 184, 190]. This

results in the emission of Casimir photon pairs. If the background space-time
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is flat apart from the boundary condition, the emission can be localized as the

radiation from a moving mirror [9, 11, 184, 190]. A relativistically moving mirror

causes the rapid nonadiabatic modulation of quantum field modes. To accommo-

date the modulated modes, the quantum vacuum throws up particles that follow

Planck’s distribution.

Though for the case of the non-relativistically moving mirror, particles can

be created through nonuniform acceleration, the rate of particle production is

extremely small [9]. Moreover, a cavity set-up is generally introduced to obtain

parametric amplification. In practice, making a mechanical mirror move near the

speed of light has been technologically challenging for a long time. DCE was

first observed experimentally [188,189] in superconducting microwave circuits, by

simulating the relativistic motion of mirrors [186,187]. Here the superconducting

transmission line is interrupted by superconducting quantum interference devices

(SQUIDs). Inductance of the SQUID is ultra-rapidly tuned by making high fre-

quency modulation of external magnetic flux threading the SQUID. Change in

the inductance causes change in the electrical length of the transmission line.

Hence, a time dependent boundary condition similar to that induced by a rel-

ativistically moving mirror is imposed to the quantized microwave field in the

transmission line through the screening current flowing through the SQUID. In

the above circuit quantum electrodynamical (cQED) set-up, the simulated veloc-

ity of the mirror can reach ⇠ 106 ms-1, and the number of photons generated per

second is 105 [187]. DCE can also be observed in optomechanical set-up [53].

The DCE creates entanglement within the field modes resulting two mode

squeezed state. The nature of DCE radiation is nonclassical [191]. The Entangle-

ment in the DCE is a consequence of the energy and momentum conservation, just

like in the parametric down conversion process. Quantum correlations generated

through DCE can be used as a resource for quantum information processing. Even

in a realistic cQED set-up where the background noise is present, the microwave

radiation can be nonclassical [191]. Apart from its significance as a resource for

quantum tasks, the above experimental set-up provides a platform for simulation

of fundamental phenomena [58, 106, 192]. Quantum features such as entangle-

ment, coherence and discord of noisy Casimir photons have been studied with

respect to various circuit parameters [193, 194]. Gaussian interferometric power,

and steering have also been studied in presence of noise [195–197].

In Chapter 1 we have discussed on the proposal of Bell nonlocality as a quan-

titative formulation of the ideas of EPR that suggested quantum mechanics as

an incomplete theory [15]. Bell nonlocality is the strongest of all quantum cor-

relations, manifesting the violation of local realism [17, 18]. EPR based their
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argument on states having continuous spectrum in the phase space. However,

the formalisms of Bohm [198] and Bell [17,18] were based on discrete dimensional

systems, as was the work of CHSH [19]. Subsequently, Bell’s inequality violation

has been extensively investigated both in discrete and continuous variable sys-

tems [199–206]. The significance of Bell nonlocality in the security of quantum

cryptography [207] has come under sharper focus with the development of device

independent quantum key distribution protocols [208]. Bell’s inequality viola-

tion has been studied in diverse domains ranging from fundamental phenomena

such as Unruh e↵ect [209] and cosmic photons [210,211] to the case of laboratory

experiments using quantum materials [212].

In this chapter we investigate Bell’s inequality violation by dynamical Casimir

radiation using non-Gaussian pseudospin measurements. Our primary motivation

arises from the fact that the study of Bell’s inequality in context of particle pro-

duction through time dependent boundary conditions was hitherto unexplored in

the literature, even though the moving mirror can be simulated in the labora-

tory [53, 188, 189]. In presence of noise the accelerated mirror in a basic exper-

imental set-up will produce two mode squeezed thermal state [188, 189] though

advance material engineering has enabled us to create NOON state using DCE

array [213]. Quantum correlation in the DCE has been studied using Gaus-

sian measurements [193–197] but no work has been done on the non-Gaussian

measurement in this set-up. Non-Gaussian measurement is a significant tool in

quantum information such as quantum teleportation [214], steering and cryptog-

raphy [215–217], non-Gaussian state preparation from Gaussian state [218] etc.

As it is possible to implement DCE in the laboratory, our analysis should be rele-

vant to understand the e�ciency of DCE as a resource for quantum information.

Our approach is based on employing pseudospin mesurements represented in

configuration space [204, 205]. Such measurements have been used to study the

Bell nonlocality of a two mode squeezed vacuum [204,205], cosmic photons [211]

and quantum steering of two mode squeezed thermal state [216]. The pseudospin

operators represented in configuration space are easier to handle compared to

their representation in the number basis [216]. It may be noted that optimization

of the expectation value of the Bell operator in configuration space involves ad-

ditional parameters compared to that in the number state representation [204].

Pseudospin measurement in configuration space has also been used to study non-

locality of di↵erent classes of multimode Gaussian states [219], enhancement of

nonlocality [220], and quantum teleportation [214]. Our aim is to use this mea-

surement to explore the Bell-CHSH inequality violation by Casimir photon pairs

in the cQED set-up. We investigate how the optimal value of the Bell violation
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depends on various circuit parameters. Specifically, we consider the e↵ect of local

noise, nonzero detuning and signal loss. All calculations in this chapter are done

in SI units. This chapter is based on the our publication [59].

Our work is organized as follows: In Section 6.1 we describe DCE in the

cQED set-up. In Section 6.2 we study violation of the Bell-CHSH inequality by

Casimir photon pairs generated via the cQED set-up described in Section 6.1. We

explore the dependence of optimal Bell violations on di↵erent system parameters.

In Section 6.3 we study the robustness of the Bell violation under signal loss. In

Section 6.4 we present a summary of our main results along with some concluding

remarks.

6.1 DCE in superconducting circuit

6.1.1 System specification

We consider the cQED setup described in [186–188, 191]. A superconducting

coplanar waveguide (CPW) with characteristic capacitance C0 and inductance

L0 per unit length is terminated to ground (say at x = 0) by a SQUID loop

threaded by external magnetic flux �ext(t). The quantized microwave field inside

the waveguide is described by its flux field �i(x, t) that obeys the one-dimentional

massless Klein-Gordon equation

�
@xx � v�2@tt

�
�i(x, t) = 0, (6.1)

with Dirichlet boundary condition at x = 0. In the framework of input-output

theory, the total flux field in the CPW transmission line is

�(x, t) = �in(x, t) + �out(x, t) (6.2)

where �in(x, t) and �out(x, t) are the incoming (right moving) and outgoing (left

moving) components of the total flux field.

In terms of the second quantized solution of Klein-Gordon equations, the

expression in Eq. (6.2) can be written as [186,187,191,221]

�(x, t) =

r
~Z0

4⇡

Z 1

�1

d!p
|!|

h
âin
!

e�i(!t�k!x) + âout
!

e�i(!t+k!x)
i
, (x < 0). (6.3)

âin
!

and âout
!

are annihilation operators for modes of frequency !, propagat-

ing with velocity v to the right (incoming) and left (outgoing) respectively.
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h
âin(out)! , (âin(out)

!0 )†
i

= �(! � !0) and we use the convention â�! = â†
!
. The

velocity v = !/k! = 1/
p
C0L0 and Z0 =

p
L0/C0 is the characteristic impedance

of CPW.

At large plasma frequency, when the charging energy is much smaller than

the external flux dependent e↵ective Josephson energy EJ(t) = EJ(�ext(t)), the

SQUID is a passive element that provides the following boundary condition at

x = 0, to the flux field inside CPW line [186,187]

�(0, t) + Leff (t) @x�(x, t)

����
x=0

= 0, (6.4)

where Leff (t) = LJ(t)/L0 and LJ =
⇣
�0

2⇡

⌘2
1

EJ(t)
is the tunable Josephson induc-

tance of the SQUID. �0 = (h/2e) is the magnetic flux quantum. The boundary

condition at x = 0 depends only upon the tunable Josephson inductance of the

SQUID [186–188], which creates a mirror at an e↵ective length Leff (t) from the

physical end of the CPW line. For sinusoidal modulation EJ(t) = E0
J
(1+✏ sin!dt)

with driving amplitude ✏ and driving frequency !d [186,187], the e↵ective length

modulation amplitude is �Leff = ✏L0
eff

, where L0
eff

= Leff (0). So, the e↵ective

velocity of the mirror is veff = !dL0
eff

. When veff is a significant fraction of the

velocity v of light in the CPW line, nonadiabatic modulation occurs in the field

modes resulting in a significant amount of photon pair production.

In case of weak harmonic drive (perturbative regime) [186, 187], ✏E0
J
⌧ E0

J

and the output photon-flux density has a parabolic spectrum with a maximum at

!d/2. Output photon pairs are correlated with frequency !±, where !++!� = !d.

The simplest choice is !± = !d/2±�!, where �! is the detuning parameter. Using

Eq. (6.3) and Eq. (6.4) and applying scattering theory, the Bogolyubov transfor-

mation between incoming and outgoing modes can be obtained analytically in

the perturbative regime [187,191,222]

âout
!± = �âin

!± � if(âin
!⌥)

† (6.5)

where

f =
✏L0

eff

p
!+!�

v
. (6.6)

Pair production results in two mode squeezing of the output field [187, 191]. So,

if the input state �in in Eq. (6.2) is a vacuum state, the output DCE state �out

is ideally a two mode squeezed vacuum.
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6.1.2 Covariance matrix of input/output modes

Let us consider the DCE input/output states in the framework of Gaussian co-

variance matrix formalism [191]. In our work we follow the convention of [223].

Input/output state can be written in terms of the covariance matrix (CM)

V↵� = hR̂↵R̂� + R̂�R̂↵i � 2hR̂↵ihR̂�i, (6.7)

where R̂ = (q̂�, p̂�, q̂+, p̂+)T is a vector containing field quadrature elements with

[q̂↵, p̂�] = i�↵� and

q̂in(out)± =
âin(out)!± + (âin(out)!± )†

p
2

p̂in(out)± = �i
âin(out)!± � (âin(out)!± )†

p
2

.

(6.8)

where we have restricted ourself to a pair of entangled modes {±} with frequen-

cies adding up to the driving frequency. The nonclassicality of DCE radiation

originates from the entanglement of Casimir photon pairs [191]. Ideal input state

will be a vacuum state which is impossible to create in practical situation. So,

we will use a quasi-vacuum state, containing small number of thermal photonsn
nth

± =
⇣
e
~!±
kT � 1

⌘�1o
[191,194], as the input state.

Note that the choice of the initial thermal state modifies the Green’s function

and the power spectrum, and the frequencies of the incoming and outgoing signals

are doppler shifted [224]. However, the e↵ect on the correlation of the outgoing

modes is negligible for our chosen temperature range [189]. Hence, correlation of

the output modes are observed in experiments despite the fact that the e↵ects of

temperature are not explicitly monitored during the experiments [189,224]. The

quadrature elements have zero 1st-moment. The CM of the input field is given

by

Vin =

0

BBB@

n0 0 0 0

0 n0 0 0

0 0 m0 0

0 0 0 m0

1

CCCA
(6.9)

where
n0 = (2nth

� + 1)

m0 = (2nth

+ + 1).
(6.10)

Using Eq. (6.5), Eq. (6.6), Eq. (6.8), Eq. (6.9), Eq. (6.10), the CM of the output
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field is obtained (in standard form) as

Vout =

0

BBB@

n 0 r 0

0 n 0 �r

r 0 m 0

0 �r 0 m

1

CCCA
(6.11)

where
n = (2nth

� + 1) + f 2(2nth

+ + 1)

m = (2nth

+ + 1) + f 2(2nth

� + 1)

r = 2f(nth

+ + nth

� + 1).

(6.12)

Vout corresponds to a two mode squeezed thermal state with squeezing parameter

2f .

6.2 Bell violation by DCE radiation

We will study Bell’s inequality violation by the output DCE radiation described

by the CM in Eq. (6.11),Eq. (6.12), using the definition of pseudospin measure-

ment represented in configuration space [204,205]

⇧̂x =

Z 1

0

dq
⇥
|Q

+
i hQ

�
|+ |Q

�
i hQ

+
|
⇤

⇧̂y = i

Z 1

0

dq
⇥
|Q

+
i hQ

�
|� |Q

�
i hQ

+
|
⇤

⇧̂z = �

Z 1

0

dq
⇥
|Q

+
i hQ

+
|� |Q

�
i hQ

�
|
⇤

(6.13)

where the channels |Q+
i and |Q

�
i are given by

|Q
+
i =

1

2
[|qi+ |�qi]

|Q
�
i =

1

2
[|qi � |�qi] .

(6.14)

{⇧̂x, ⇧̂y, ⇧̂z} satisfy SU(2) algebra. Following [204], the Bell operator is defined

as

B = ~a · ⇧̂(�)
⌦~b · ⇧̂(+) + ~a · ⇧̂(�)

⌦ ~b0 · ⇧̂(+) + ~a0 · ⇧̂(�)
⌦~b · ⇧̂(+)

�~a0 · ⇧̂(�)
⌦ ~b0 · ⇧̂(+)

(6.15)
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where ~a, ~a0,~b, ~b0 are the unit vectors that specify the orientation of the first and

second channels respectively. ⇧̂(±) designates channel ⇧̂ applied on the mode

{±}.

In order to calculate the optimal Bell violation, first we perform orientational

optimization of the measurement directions following [203, 204, 206]. We choose

~a, ~a0,~b, ~b0 in spherical polar coordinate as

�a = �a0 = �b = �b0 = 0,

✓a = 0, ✓a0 = ⇡/2, ✓b = �✓b0 .
(6.16)

So, the Bell operator reduces to

B = 2
⇣
cos✓b ⇧̂

(�)
x

⌦ ⇧̂(+)
x

+ sin✓b ⇧̂
(�)
z

⌦ ⇧̂(+)
z

⌘
. (6.17)

Maximizing over ✓b we get the maximal expectation value of B,

Bmax = 2

rD
⇧̂(�)

x ⌦ ⇧̂(+)
x

E2
+
D
⇧̂(�)

z ⌦ ⇧̂(+)
z

E2
(6.18)

where h·i is the expectation value of an operator for a given state. Bell violation

occurs when

Bmax > 2. (6.19)

We now calculate Bmax for our output state described by the covariance matrix

Vout in Eq. (6.11),Eq. (6.12) and study how the value of Bmax depends upon

various system parameters. In order to calculate the expectation value of two

mode pseudospin operators we use the definitions [205,216]

D
⇧̂(�)

i
⌦ ⇧̂(+)

j

E
=

1

(2⇡)2

Z
d4X Wout(X)

⇥W
⇧̂

(�)
i

(q�, p�) W⇧̂
(+)
j

(q+, p+)
(6.20)

where X = (q�, p�, q+, p+)T ,

W⇧̂x
(q, p) = sgn(q)

W⇧̂z
(q, p) = �⇡�(q)�(p)

(6.21)

and the Wigner function of the output state is

Wout(X) =
1

⇡2

1

det(Vout)
e�(X

T
V

�1
out X). (6.22)
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Plugging everything in Eq. (6.18) we evaluate Bmax for output DCE radiation in

terms of circuit parameters

Bmax = 2

0

@ 1

(f 2 � 1)4 (2n� + 1) 2 (2n+ + 1) 2
+

4 tan�1
⇣

4f2(n�+n++1)2

(f2�1)2(2n�+1)(2n++1)

⌘
2

⇡2

1

A

1
2

(6.23)

with {n±} defined above Eq. (6.9) and f is given by Eq. (6.6), as a function of

driving amplitude ✏. Now we plot the variation of Bmax with respect to di↵erent

experimental parameters to observe the Bell’s inequality violation.

T=15 mK

T=30 mK

T=35 mK

Bmax = 2

0.1 0.2 0.3 0.4 0.5 0.6
ϵ

1.995

2.000

2.005

2.010

2.015

2.020

2.025

Bmax

Figure 6.1: Variation of Bmax with the driving amplitude ✏ in di↵erent temper-
atures of the system. Driving frequency !d = 20⇡ GHz. v = 1.2 ⇥ 108 ms�1.
L0
eff

= 0.5 mm. Detuning �! = 0.

Figure (6.1) shows the variation of Bmax with increasing driving amplitude

✏ in di↵erent temperatures of the system. Here detuning is zero, which means

n� = n+ and hence both modes are symmetric and have equal local noises. The

driving amplitude is considered upto ✏ = 0.6, that corresponds to f = 0.0786

which is well inside the perturbative regime. The plot shows that the value of

Bmax has dropped significantly at T = 35 mK compared to its values at T = 15

mK and 30 mK. Also at 35 mK, it requires significantly larger driving amplitude

(✏ > 0.35), in order to observe Bell’s inequality violation compared to the other

two temperatures. The highest value of the Bell violation obtained here, at 15

mK and with ✏ = 0.6, is 2.025.

Figure (6.2) shows the variation of Bmax with increase in the driving amplitude

✏ and �!

!d
which is the detuning expressed as a fraction of driving frequency !d.

The dash-dotted curve represents the points Bmax = 2. So, the region on the right
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Bmax

1.970

1.980

1.990

2.000

2.010

2.020

Figure 6.2: Variation of Bmax with respect to the driving amplitude ✏ and detun-
ing �! as the fraction of Driving frequency !d = 20⇡ GHz. v = 1.2 ⇥ 108 ms�1.
L0
eff

= 0.5 mm. T = 20 mK.

side of this curve violates Bell’s inequality. The increase in detuning increases the

asymmetry between the two modes, decreasing the value of Bmax. The plot also

shows that in order to observe Bell’s inequality violation in the chosen parameter

range, detuning needs to satisfy �!

!d
< 0.27.

Figure (6.3) shows the variation of Bmax with increase in temperature T and �!

!d

which is the detuning expressed as a fraction of driving frequency !d. The dash-

dotted curve represents the points Bmax = 2. The region on the left side of this

curve violates Bell’s inequality. The plot indicates that at very low temperature,

the e↵ect of detuning on the value of Bmax is not significant and Bell violation

is always achieved. This is because at low temperature, local noise is very small

and hence the asymmetry between the modes is very small even with a significant

value of detuning and driving amplitude ✏ (driving parameter f is a function of

detuning and driving amplitude, see Eq. (6.6)). For temperature 20 � 30 mK,

the value of Bmax falls below 2 for significant detuning. Around temperature 34

mK, Bell violation is absent when �!

!d
is approximately greater than 0.15. For

temperature T > 42 mK, Bell’s inequality violation is completely absent for our

chosen parameter range.
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Bmax

1.6

1.7

1.8

1.9

2.0

Figure 6.3: Variation of Bmax with respect to the temperature T (mK) and de-
tuning �! as the fraction of driving frequency !d = 20⇡ GHz, with v = 1.2⇥ 108

ms�1, L0
eff

= 0.5 mm, and ✏ = 0.6.

6.3 Robustness under signal loss

In realistic scenarios, an experiment may su↵er from imperfections. The two most

relevant types of noise in the present set-up are noise due to the presence of ther-

mal photons in the signal and signal loss in the transmission line. In our analysis

we consider both the above types of noise. The thermal noise that is observed to

be present in DCE experiments implemented so far [188, 189, 225], is taken into

account in our analysis. We further study the tolerance of nonlocality of DCE

radiation under another source of experimental defect, viz., photon loss which is,

in general, one of the most studied defects in the context of Bell violation [226].

Signal loss can occur due to various reasons such as the presence of impurities,

measurement ine�ciency and so on [227], and has been discussed in the context

of generation and measurement of DCE radiation [188,189,225]. In our study we

mimic the signal loss by beam splitter operation and study the tolerance of Bell

nonlocality of DCE radiation against such noise.

Our goal here is to study if we can observe Bell’s inequality violation in the

experimental set-up under consideration, in the presence of signal loss in one of

the modes (say the first mode). We apply a pure loss channel on mode {�} and

obtain the output covariance matrix following the method of [216]. We couple
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the state described by Vout, with a single mode vacuum (ancilla). Thus, the

resultant covariance matrix is given by V 0 = Vanc � Vout, where Vanc = 12⇥2 is

the covariance matrix of the ancilla, with 12⇥2 being the 2 ⇥ 2 identity matix.

We next transform the ancillary mode and {�} mode though the beam splitter

channel Bs. We apply Bs � 12⇥2 on V 0 where

Bs =

 p
⌘ 12⇥2 �

p
1� ⌘ 12⇥2

p
1� ⌘ 12⇥2

p
⌘ 12⇥2

!
(6.24)

with ⌘ 2 (0, 1) being the transmission e�ciency. Tracing out the ancillary modes

leads us to obtain the covariance matrix of the output DCE radiation with signal

loss on mode {�}, given by

V L

out
=

0

BBB@

n0 0 r0 0

0 n0 0 �r0

r0 0 m0 0

0 �r0 0 m0

1

CCCA
(6.25)

where
n0 = ⌘

�
f 2 (2n+ + 1) + 2n� + 1

�
� ⌘ + 1

m0 = (2nth

+ + 1) + f 2(2nth

� + 1)

r0 = 2f
p
⌘ (n� + n+ + 1)

(6.26)

and {n±}, f have the same definitions as in Eq. (6.12). Following a similar

procedure as in Section 6.2, we find the expectation value of the Bell operator,

optimized with respect to the measurement orientations for the state described

by the covariance matrix V L

out
in terms of the system parameters in the presence

of signal loss, given by

BL

max
= 2

s
4

⇡2
tan�1

✓
A1

A2

◆2

+
1

A2
2

(6.27)

where

A1 = 4f 2⌘ (n� + n+ + 1) 2

A2 = �4f 2⌘ (n� + n+ + 1) 2 +

✓�
2f 2n� + f 2 + 2n+ + 1

�

⇥
�
f 2⌘ + 2f 2⌘ n+ + 2⌘ n� + 1

�◆
.

(6.28)
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We plot the variation of BL

max
with respect to various system parameters, in order

to observe the violation of Bell’s inequality under signal loss.

BLmax

1.990

2.000

2.010

2.020

Figure 6.4: Variation of BL

max
with respect to the driving amplitude ✏ and trans-

mission e�ciency ⌘. Driving frequency !d = 20⇡ GHz. Detuning �! = 0.
v = 1.2⇥ 108 ms�1. L0

eff
= 0.5 mm. T = 20 mK.

Figure (6.4) shows the variation BL

max
with respect to the driving amplitude ✏

and transmission e�ciency ⌘ in the absence of detuning. The dash-dotted curve

represents the points Bmax = 2. The region above this curve violates Bell’s

inequality. Below ⌘ = 0.4, the threshold of Bell violation becomes less sensitive

to the increase of the driving amplitude. Bell violation is completely absent when

⌘ < 0.35, i.e., when the signal loss is greater than 65%. The plot indicates

that to observe noticeable Bell violation for our chosen range of parameters, the

transmission e�ciency should be greater than 0.4.

Figure (6.5) shows the variation BL

max
with respect to the temperature T and

transmission e�ciency ⌘ in absence of detuning. The dash-dotted curve represents

the points Bmax = 2. The region above this curve violates Bell’s inequality.

For temperature above 24 mK, Bell violation is absent when the transmission

e�ciency ⌘ < 0.35 (signal loss > 65% ). For higher temperatures, a greater

amount of transmission e�ciency is needed in order to observe Bell violation. At

temperatures near 40 mK, the transmission e�ciency has to be greater than 0.8

(signal loss is required to be less than 20%) for our chosen range of parameters.
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Figure 6.5: Variation of BL

max
with respect to the temperature T and transmission

e�ciency ⌘. Driving frequency !d = 20⇡ GHz. Detuning �! = 0. v = 1.2 ⇥ 108

ms�1. L0
eff

= 0.5 mm. ✏ = 0.6.

Figure (6.6) shows the variation of BL

max
with respect to the transmission

e�ciency ⌘ and the detuning as a fraction of the driving frequency !d. The dash-

dotted curve represents the points Bmax = 2. The region above this curve violates

Bell’s inequality. The plot indicates that Bell violation occurs for ⌘ � 0.35 (signal

loss  65% ) up to the detuning �!

!d
= 0.2. However, for value of the detuning

0.2 < �!

!d
< 0.27, a higher transmission e�ciency is required. For detuning

�!

!d
> 0.27 Bell violation is completely absent irrespective of the value of the

transmission e�ciency. This is consistent with the result of Figure (6.2).

Figure (6.7) shows the variation of BL

max
with respect to the temperature T

and the transmission e�ciency ⌘ in the presence of detuning �!

!d
= 0.2. The dash-

dotted curve represents the points Bmax = 2. The region above this curve violates

Bell’s inequality. From the plot we see that for temperature up to 19 mK Bell

violation is absent when the transmission e�ciency ⌘ < 0.35 (> 65% signal loss).

For temperature higher than 19 mK, a greater value of transmission e�ciency is

required to observe Bell violation. BL

max
falls sharply with increasing signal loss

for temperature T > 21 mK. For our chosen range of parameters Bell violation is

absent when T � 28 mK.

Though the main purpose of the present work is to show that Bell viola-
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Figure 6.6: Variation of BL

max
with respect to the transmission e�ciency ⌘ and

the detuning as a fraction of the driving frequency !d = 20⇡ GHz. v = 1.2⇥ 108

ms�1. L0
eff

= 0.5 mm. ✏ = 0.6, T = 20 mK.

tion is indeed possible in the DCE set-up, it is also indeed feasible to conceive

schemes to experimentally measure such Bell violation. Entanglement in DCE

radiation has been quantitatively measured in a recent experiment in a supercon-

ducting circuit [225]. Experimental studies on DCE radiation show that, in our

chosen temperature range, the thermal photons are quite challenging to resolve.

Nonetheless, quantum correlation is observed for some chosen range of parameters

in the presence of noise due to thermal photons. Note that Bell-violating states

form a subset of all entangled states [228]. Hence, a study of entanglement is not

equivalent to a study of Bell violation. In the context of the present set-up, the

range of system parameters for which Bell violation is obtained is much smaller

than that of entanglement.

In the present analysis the Bell operator consists of two measurements ⇧̂x⌦⇧̂x

and ⇧̂z ⌦ ⇧̂z. The measurement ⇧̂x can be written as sgn(q̂) (q̂ ! canonical

position operator) [205]. It is basically the sign of the quadrature and can be

measured by the homodyne measurement that has been implemented in experi-

ments [188,189]. The operator ⇧̂z is the parity operator in the spatial basis and it

has the same expectation value with the parity operator in the number basis [204].

So, it is possible to measure h⇧̂z ⌦ ⇧̂zi using a number resolving detector. Alter-
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Figure 6.7: Variation of BL

max
with respect to the temperature T and transmission

e�ciency ⌘. (�!/!d) = 0.2 where �! is the detuning and !d = 20⇡ GHz is the
driving frequency. v = 1.2⇥ 108 ms�1. L0

eff
= 0.5 mm. ✏ = 0.6.

natively, parity can also be measured in the spatial basis using a parity analyser

which is the parity sensitive Mach-Zehnder interferometer [229,230]. Schemes for

implementing the Mach-Zehnder interferometer in superconducting CPW have

been proposed [227]. Detailed discussions on implementing various components

such as mirrors, phase shifts, and photon detectors for coincidence circuits in

CPW have been provided (see, for instance, [231]).

Before concluding, it may be pertinent to note the following issue. There

are several important loopholes in the experimental violation of a Bell inequal-

ity [232]. Two of the most widely discussed loopholes are the locality loophole

and the detection loophole. While the locality loophole cannot be closed in the

present set-up, further analysis is required in respect of the detection loophole

here. In general, su�ciently high detector e�ciencies enable the closure of the

detection loophole in Bell tests involving parametric down conversion [233]. Note

that, though in case of the set-up involving DCE photons that we have considered

here, a small magnitude of Bell violation is obtained in the perturbative regime of

the driving amplitude; such violation still persists under considerable signal loss.

Moreover, our study indicates that Bell violation increases with the driving am-

plitude, and hence, a detailed study will be required involving a non-perturbative
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analysis in conjunction with tolerance to signal loss in order to estimate the

threshold of detector e�ciency needed for the closure of the detection loophole.

6.4 Conclusions

Quantum nonlocality as manifested by the violation of Bell’s inequality represents

a basic paradigm of quantum theory, which is of importance for the test of foun-

dational principles, as well as for potential technological applications, such as in

quantum cryptography. In this work we have studied Bell violation by dynamical

Casimir photon pairs generated from quantized vacuum by the relativistic mo-

tion of a mirror. We have considered the circuit quantum electrodynamical set-up

that has been experimentally implemented [188]. Though Bell’s inequality has

been studied earlier theoretically in the noninertial relativistic domain [209–211],

experimental verification of such proposals remain beyond the reach of current

technology. On the other hand, the framework of Bell violation proposed in the

present work can be probed e�ciently in the laboratory [186–189].

The analysis performed in this work is based on the measurement induced

spin-like quantum correlations within Casimir photon pairs. Previously, several

theoretical and experimental studies have been performed on Gaussian quan-

tum correlation of DCE photons using homodyne measurement. Our present

study focuses on nonlocal quantum correlations between Casimir photon pairs

generated through non-Gaussian measurements [204,205]. Such correlations have

been shown to be of significance in several domains of quantum information and

communication [214–218]. The Bell violation obtained here through the above

framework is thus of direct relevance to several information theoretic protocols.

Let us now briefly summarize the main results of our study. We have ana-

lytically derived the expectation value of the Bell operator for DCE radiation,

optimized with respect to channel orientations in the context of pseudospin mea-

surements. We have studied the behaviour of Bell violation in terms of exper-

imental parameters such as the driving frequency. We have further considered

the e↵ect of local thermal noise in each mode and asymmetry between the en-

tangled modes introduced through the detuning in the frequency of photon pairs.

We show that for our chosen parameter range, the violation of Bell’s inequality

can be observed up to the temperature about 40 mK. Our results further show

that the asymmetry between the entangled modes degrades the Bell nonlocality

at relatively higher temperature. However, at low temperatures detuning has a

negligible e↵ect on Bell’s inequality violation. Finally, we have also derived the

expectation value of the Bell operator in the presence of signal loss and explored
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the robustness of Bell nonlocality in this scenario. We show that in the system

under consideration, Bell nonlocality is robust up to 65% signal loss.

To conclude, in our analysis we have presented multiple plots showing the

variation of Bell’s nonlocality with di↵erent circuit parameters in the presence of

local noise, asymmetry between the entangled modes because of nonzero detun-

ing, and signal loss. Our results clearly demarcate the parameter regions where

Bell nonlocality of Casimir photons can be observed. The choice of parameters

considered in the present study is well within the perturbative regime. Since Bell

violation is seen to rise rapidly with the increase of the driving frequency, it is

expected that higher values of the driving parameter would yield significantly

larger magnitudes of Bell violation. Our results thus motivate further analysis in

the nonperturbative framework. It might be also interesting to consider in future

works the Bell violation in the cQED set-up using other measurement schemes. A

comparative analysis of such studies may lead to an optimal framework for quan-

tum state preparation of Casimir photons, as a vital step towards information

processing through the cQED set-up.
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A recent trend of research in relativistic quantum theory is to look for the ob-

servable signatures of relativity in low energy and quantum mechanical systems

which will be useful for the progress in foundations of physics and/or development

of technology. Quantum information theory becomes relevant in this context be-

cause of its operational framework. However the quantum information theory

developed so far are based on non-relativistic quantum mechanics and hence are

not covariant. In order to develop a quantum information theory in the relativis-

tic regime, first we have to formulate an information theory that is consistent

with relativistic quantum mechanics and QFTCS. We also need to understand

how relativistic background a↵ects the various notions of quantum information

theory. The works presented in this thesis have made some e↵ort in that direction.

Quantum correlations are used as resources to perform various quantum tasks.

So, we need to understand whether these resources are useful too in relativistic

background. In the Chapter 3 we consider the e↵ect of relativistic boosts on the

coherence of the single-particle Gaussian wave packets [56]. The coherence is mea-

sured by the boosted observer as a function of the boost parameter of the observer

and the uncertainty in momentum of the wave packet. In quantum information

theory the term ‘quantum coherence’ has been used to describe quantum features

in di↵erent physical contexts. Each of these have their own resource theoretic

importance. Using quantifiers defined in di↵erent formulations of coherence, it is

shown that in general the coherence decreases with the increase of the uncertainty

in momentum of the state, as well as the boosts applied to it. However our anal-

ysis show that the basis independent notion of coherence are more consistent in

the relativistic background compared to the basis dependent formulations. Using

basis-independent quantifier, coherence may be preserved even for large boosts

applied on wave packets with narrow uncertainty. Our result has been exempli-
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fied quantitatively for realistic neutron wave packet. Our work can be extended

in case of spin-1/2 particle moving in curved space-time [33,34]. Similar analysis

can also be done for photons [32].

With the development of material technology nano and micro structured en-

vironment provides a very e�cient platform for quantum optics experiments

[138–140, 234]. Such structured environments impose various boundary condi-

tions on the atom-field systems. The atom in such structured environment does

not necessarily remain static. The atom can be subjected to acceleration because

of various potentials [130–132] or external tuning of atom-field coupling [142,143].

So, the study radiative process of accelerating atoms subjected to boundary con-

ditions is significant in context of quantum foundations as well as for performing

quantum tasks. In the Chapter 4, we have studied the resonance interaction of

two entangled, identical, neutral atoms interacting with quantized real, massless,

scalar vacuum and accelerating between two mirrors [57]. We assume that the

entangled atoms are either in superradiant or subradiant state. Using formalism

of Dalibard et al. [146,147] and Zhou et al. [124,126], we calculate the energy level

shift and the relaxation rate of energy exchange between the atoms, accelerating

within the two mirrors, due to resonance interaction. Our analysis accompanied

by various plots showing that resonance interaction can be manipulated by the

various system parameters such as atomic configuration, cavity parameters etc.

We have also discussed dependence of resonance interaction on atomic accelera-

tion and evaluated the energy level shift and rate of change of energy in the low

acceleration limit. We have numerically calculated the correction in the resonance

energy shift due to atomic acceleration using realistic experimental parameters.

This work can be extended in case of accelerated detectors with various other

boundary conditions such as Neumann boundary conditions, accelerated mirror

cylindrical waveguide etc [3, 235].

The universe is both relativistic and quantum at the fundamental length scale.

However the quantum theory of gravity still remains a mystery. A very important

trend in research is to look for signatures of Planck scale e↵ect, as an emergent

term in the quantum theory in classical space-time background. The modifica-

tion in Heisenberg’s uncertainty principle, due to existence of minimum observable

length, results in generalized uncertainty principle (GUP). In Chapter 5, we have

considered an atom-mirror system in relative acceleration, in presence of single

mode quantized scalar field [58] whose canonical momentum operator satisfies

GUP. The GUP modifies the energy-momentum dispersion relation resulting the

GUP deformed Klein-Gordon equation. We solve the deformed Klein-Gordon

equation with suitable Dirichlet boundary conditions and calculate the excitation
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probabilities of the atom when, (a) atom is accelerating uniformly and the mirror

is static in the Minkowski space-time and (b) mirror is accelerating uniformly

and the atom is static in the Minkowski space-time. Svidzinsky et al. [106] have

studied the same problem in absence of GUP (i.e. their system obey Heisenberg

uncertainty) and their work show that the two probabilities are equal (upto some

constant phase factor) manifesting a symmetry between system (a) and (b). Our

calculations show that GUP introduces a position (of atom) dependent modula-

tion in the Fano interference pattern in case (b) and such modulation is absent

in case (a). GUP also modifies the Unruh temperature in case (b). Thus GUP

breaks the symmetry, manifested when the field obeys Heisenberg uncertainty, be-

tween cases (a) and (b). According to the works in ref. [179,180], any qualitative

symmetry between the cases (a) and (b) are a manifestation of weak equivalence

principle (WEP). So, in our work GUP results in violation WEP between the

cases (a) and (b). Apart from WEP violation, GUP introduces damping e↵ect in

both cases. We define a WEP violation parameter which is a function of GUP

parameter. Any experimental bound on GUP parameter will also put a bound

on the WEP violation by GUP in our system. Our system represents a very basic

1-dimensional waveguide structure. Our work can be extended in case of more

realistic set-up(s) such as cavities and cylindrical waveguides etc. [3, 180]. Our

work can also be studied in case of di↵erent boundary conditions [3,235] and also

for di↵erent kind of quantum fields such as Dirac and electromagnetic fields [3].

The particle production by quantum fields subjected to curved space-time

geometry, for example Hawking radiation, is impossible to probe with current

technology. However analogue models such as dynamical Casimir e↵ect (DCE)

can be simulated in laboratory [53,188,189]. This open up the platform to study

quantum properties of the particles produced by quantum vacuum subjected to

time dependent boundary conditions. Such platforms also enables us to simu-

late fundamental phenomena, for example cosmological particle creation [192].

When quantum field is subjected to curved space-time geometry or time depen-

dent boundary conditions, quantum entanglement is generated within the field

modes [3, 35, 36]. While the quantum correlation generated in case of Unruh

e↵ect and Hawking radiation is impossible to utilise, the entanglement gener-

ated during DCE simulated in laboratory can be used as a resource [143,191]. In

Chapter 6 we study the Bell’s inequality violation by dynamical Casimir radiation

in cQED set-up [186–188, 191]. Bell nonlocality is the strongest form of quan-

tum correlation with significant application in the field of quantum information

and computation [207, 208]. So the study of Bell nonlocality of DCE radiation

is important for foundational perspective as well as its e�ciency as a quantum
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resource. In our work we study Bell’s inequality violation by DCE photons using

pseudospin measurements represented in configuration space. We analytically

obtain expectation values of the Bell operator optimized with respect to channel

orientations, in terms of the system parameters. We consider the e↵ects of local

noise in the microwave field modes, asymmetry between the field modes resulting

from nonzero detuning, and signal loss. Our analysis provides ranges of the above

experimental parameters for which Bell violation can be observed. We show that

Bell violation can be observed in this set-up up to 40mK temperature as well

as up to 65% signal loss. The accelerated mirror is simulated, in cQED set-up,

by inducing a current driven by ultra-rapid tuning of magnetic flux in a SQUID.

In our work we have studied the DCE radiation generated by relatively smaller

values of driving amplitude so that mathematically the dynamics of the system

can be handled perturbatively. At perturbative regime the magnitude of Bell

violation is quite low. Hence in order to obtain greater value of Bell violation

we need to go beyond perturbative regime of value of driving amplitude. This

is a serious numerical task and can be addressed in future. Further studies can

be done on e�ciency of DCE radiation as a resource in the field of continuous

variable quantum information [223,236].
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